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ABSTRACT
The chemo-mechanical response of 3-D reconstructed and idealistic LixCoO2 cathode par-
ticles has been elucidated with the implementation of an isothermal microscale numerical and
analytical solution. The electrode stress-strain state is delineated upon the contribution of:
i) phase transformation; ii) anisotropy and crystallographic orientation; iii) Li-composition
inhomogeneity; iv) particle morphology and size; and v) composition-dependent chemical-
expansion coefficient, β. Diffusion-induced stresses (DIS) can be quite extreme with increas-
ing particle size, Li concentration and discharge rate. Peaks of DIS locally emerge in the
vicinity of concave features and protuberances of the anisotropic-elastic actual morphologies.
In some cases, the severity of DIS indicate proneness to particle fragmentation. It is shown
that phase-transition-induced stresses detrimentally contribute to abrupt changes in the par-
ticle mechanical behavior. The strong anisotropic chemo-elastic field induces the evolution
of bands of Li-composition, chemical strains, and high-peak stresses. These occurrences are
considered to be irrespective of the particle morphology but are highly dependent on the
grain crystallographic orientation. Deleterious phase-transformation-induced stress bands
are also found within the particle structure and are closely related to bands of chemical-misfit
strains. It is demonstrated that β is a key parameter in demarcating the chemo-stress-strain
state of the LixCoO2 cathode material. Under the linearity of β, both the stress-induced
diffusion (SID) and DIS are dramatically more affected than when β is constant. Hence,
non-linear volumetric changes in the cathode structure can undermine its mechanical in-
tegrity. Because the chemo-elastic phenomena emanate in a reciprocate fashion, the linear-
β-based hydrostatic-stress gradients significantly facilitate Li diffusion under both charge-
and discharge conditions comparing to the classical-Fickian-diffusion case. Subsequently, the
stress-decoupling model promotes greater DIS due to composition inhomogeneity.
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The use of rechargeable lithium-ion batteries (LIBs) has been extensively investigated in
response to increasing high demands for environmentally friendly portable renewable energy
devices in transportation systems. Among the attractive characteristics of these recharge-
able energy devices are high power capability, energy density, and durability. Lithium cobalt
dioxide (LiCoO2) is today the most prevalent and commercialized intercalation active ma-
terial employed for positive electrodes (cathodes) in rechargeable energy sources. LiCoO2
compounds have significantly attracted increasing research interest for potential application
in high-performance LIBs. This is attributable to its high specific energy (on the order
of 150 Wh/kg), operating temperature range (-20 to 60◦C), cycle durability (>1000 cycles
under ideal conditions) [1], electrochemical stability, and Li-intercalation reversibility. How-
ever, the cost and toxicity of cobalt (Co) as well as safety concerns involving the application
of LiCoO2 composites in LIB for transportation systems, have given impetus to research
in alternative Li-ion aggregates (e.g., LiMn2O4, LiFePO4, and LiCoO2/LiNiO2 derivatives).
Moreover, lithium (Li) intercalation- and de-intercalation-induced stresses, also referred to
as diffusion-induced stresses (DIS), are of great concern since the cathode material struc-
ture undergoes significant volume and lattice parameter changes during the inhomogeneous
nature of the lithiation- and delithiation processes that mutually affect the Li migration
kinetics. In this respect, the gradients of DIS can diminish the Li transportation in the
LiCoO2 particles [2].
Layered lithium/delithiated cobalt dioxide (Li/LixCoO2) compounds can be prone to
mechanical degradation as a result of the coupling effect of excessive and/or accumulated
mechanical, thermal, and chemical strains. This as a result of the continuing electrode par-
1
ticles expansion and contraction during electrochemical cycling.1 Mechanical degradation
can occur upon fracture and decrepitation; such occurrences are mostly attributed to mi-
crocracks originated from accumulated changes in the lattice parameters [3]. It has been
observed that degraded cycled Li-ion cathodes exhibit: i) local fragmentation/microcracking
due to accumulated non-uniform strain [4] and ii) crystal volume and lattice constant vari-
ance and phase-transition processes [5]. The correlated action of the Li intercalation and
crystal volumetric change has been established as a fatigue mechanism of the Li/LixCoO2
system [6]. The disjunction of fragmented cathode particles can result in power fading and
impedance growth of the battery [7] due to loss of electrical contact to the current collector
and/or the conductive porous network, increasing the battery resistivity [8–10]. Additionally,
the fragmentation phenomenon causes the breakdown of the electrode passive surface layer
known as the surface solid electrolyte interface (SEI). Subsequently, an SEI growth develops
due to the exposure of fractured surfaces to the electrolyte [9, 11]. Despite the fact that
this has been qualitatively established, there are scarce scrutinized investigations of actual
LixCoO2 particle mechanical behavior during electrochemical cycling addressing the relation
of DIS and the contribution of: i) lattice change and phase-transformation induced-stress;
ii) material anisotropy; iii) level of Li diffusion inhomogeneity; iv) particle morphology and
size; v) material crystallographic orientation, and vi) composition-dependent-chemo-elastic
parameters in coupled stress-induced diffusion (SID). The latter concern relates to how Li
migration and DIS through the electrode are affected in a reciprocal fashion. As a result,
it is imperative that these aspects be taken into consideration comprehensively in terms
of cathode integrity for LIB-performance reliability from a micro, meso, and macro-scale
perspective.
1.1 Research Objectives
An in-depth understanding of the mechanical degradation of LiCoO2 compounds, as
key cathode material for large and clean energy applications, needs to be established for
1Strains induced by diffusion phenomena, also referred as chemical strains.
2
safer operation in power-dense portable energy LIB systems. In this work, a microscale
numerical approach was developed for the study of the isothermal chemo-elastic response
of realistic LixCoO2 material with orientation to stress generation under lithiation. This
work was integrated with a further analytical and numerical investigation of the non-linear
composition-dependence response of the chemo-elastic field. The specific objectives of this
investigation are as follows:
1. To introduce a three-dimensional (3-D) linear elastic strain approach for reconstructed
LixCoO2 individual particles to demarcate the correlated effect of diffusion, intercalation-
and phase-transformation- induced stresses on the cathode material stress-strain state.
2. To develop a 3-D finite element (FE) numerical model for mechanics analysis based
upon Li-composition fields generated in an external parallel computational fluid dy-
namic (CFD) model for electrochemical discharge investigations.
3. To numerically quantify the contribution of inhomogeneous chemical field, discharge
rate, particle size and morphology, anisotropic chemo-elastic behavior and crystallo-
graphic orientation as well as phase-transformation that develops during the lithiation
process.
4. To introduce an analytical one-dimensional (1-D) approach to quantify the effects of
a linear concentration-dependent chemical-expansion coefficient on the chemo-elastic
response of the lithiated and delithiated cathode material.
5. To provide results that can be utilized to develop strategies that mitigate LIB mechan-
ical degradation in LiCoO2 cathode material over battery cyclability for reliability and
utilization improvement of large scale applications.
1.2 Background on LIB Technology
The concept of Li-ion rechargeable cells was first commercially introduced by Sony in
1991 based on previous materials research and landmark discoveries [12]. The key func-
3
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Figure 1.1: Conceptual model of a Li-LixCoO2 LIB during galvanostatic discharge (constant
current); e− passes through an external circuit at a current Io resulting from the ohmic-
load resistance while the Li ions migrate from the negative electrode (Li metal) through the
separator and intercalate in the Li positive electrode (LixCoO2).
tion of secondary (rechargeable) LIBs is the reversibility of the Li intercalation mecha-
nism. These batteries work in the voltage order of 4V with specific energy ranging be-
tween 100 and 200 mAh/g. LIBs are characterized by their high specific energy, effi-
ciency, and cyclability. Typically, LIBs consist of a carbonaceous or alloy anode (e.g.,
LiC, Li, Sn,Li2.6Co0.4N), an organic liquid salt solution (e.g., LiPF6) or polymer-based elec-
trolytes (ethylene carbonatedimethyl carbonate), and a transition-metal-oxide cathode (e.g.,
LiCoO2,LiMn2O4,LiFePO4,LiNiO2) [13].
1.2.1 Principles of LIB Functionality
Li-intercalation materials are hosts into which atoms or ions of Li are exchanged as the
































Figure 1.2: Schematic representation of an idealistic Li-cell cathode conduction and inter-
calation process. At 1 and 2, Li flux is zero. At 3 and 4 Li dissociates into Li ions (and
electrons) and intercalates into the host cathode, respectively. At 5, Li migrates in the
porous-filled electrolyte in the cathode. Modified from Park et al. [14].
(anode), travels through the electrolyte and separator pores and intercalates into the posi-
tive material (cathode); the opposite process occurs during the charging of the battery. The
functionality of the LIB high-energy-density results from the reversible intercalation and
de-intercalation phenomena and the difference in the chemical potential of Li in the two op-
posite host lattices. The chemical reaction leading the anode reduction (discharge process)
causes electrons, e−, to flow from the anode- to the cathode collector through an external
circuit when an external load is applied. This allows electrical energy to be released and
utilized by external components. In principle, the intercalation process is of a reversible na-
ture and causes non-significant changes in the structural integrity of the electrode particles.
Schematics of an LIB-structure model (Li-metal anode - composite cathode) and function-
ality description during the discharge process are shown in Figure 1.1 and Figure 1.2.
1.2.2 LIB Safety Concerns: Electrode Mechanical Integrity
Identifying potential issues in terms of catastrophic and/or abrupt failure is of great sig-
nificance when designing large portable renewable energy sources. The concept of LIB safety
under normal operations infers the battery converts chemical energy into electrical energy
with minimal heat and negligible gas generation. However, safety concerns involving the
5
use of LIBs in large transportation systems (e.g., Boeing 787 Dreamliners) are increasingly
rising. It is necessary that safety concerns are addressed from single particles in a cell to
transportation pack systems. Safety hazards have been related to decomposition processes
upon depletion of active materials; battery systems functioning under off-set conditions are
exposed to heat generation and gas evolution that can ultimately lead to catastrophic events.
The former results from electrolyte-Li exothermic reactions and can occur upon short cir-
cuits, internal chemical/self-heating reactions, and overcharging [15, 16].
From the microscale perspective, a number of failure mechanisms developing in the
electrode- and electrode-electrolyte interface are of particular concern as failures in elec-
trode materials could escalate to the macroscale level rapidly. Among one of the aspects
that has been related to battery hazards is the SEI film growth and decomposition, and
dendrite formation. These are complex processes subjected to thermal chemistry, under
continuous cycling. The integrity of this passive layer could not only be subject to abnormal
high-temperature operations but also fragmentation normal operating conditions. The lat-
ter involves fresh surfaces of cracked active electrodes, which are in direct contact with the
electrolyte leading to the SEI decomposition (co-intercalation compound formation) [8, 10].
Understanding the circumstances under which electrode cracking assists exothermic re-
actions in the electrolyte could promote elucidating design measures for battery failure mit-
igation. Other failure modes for safety considerations are: physical damage (e.g., vibration,
shock, crush, etc.); anomalies in the discharge/charge rates and cell voltage; and external
short circuits [16]. Figure 1.3 is given for illustrative purposes to relate electrode degradation
and safety.
1.3 LIB Positive-electrode Materials
LIB cathodes can be classified into two categories: the layered (hexagonal/trigonal) struc-
ture, with Li atoms in octahedral sites between O-Co-O sheets, and the cubic (spinel) as-
sembly. The former allows a two-dimensional (2-D) Li-ion diffusion while the latter enables




















Figure 1.3: Polycrystalline layered electrode particle degradation role in LIB safety from the
microscopic view.
Table 1.1: Properties of selected cathode materials used in LIBs. Adapted from Yoshio and
Noguchi [13] and Woodford et al. [17].
.
Cathode Material Practical Capacity Density Potential Safety Cost
(mAh g−1) (kg m−3) (V)
LiCoO2 160 5050 3.9 Fair High
LiNiO2 220 4800 3.8 Poor Fair
LiNi0.8Co0.2O2 180 4850 3.6 Fair Fair
LiNi0.8Co0.15Al0.05O2 200 4800 3.7 Fair Fair
LiMn0.5Ni0.5O2 160 4700 - Good Low
LiMn0.33Ni0.33Co0.33O2 200 4700 - Good Low
LiMn2O4 110 4200 4.0 Good Low
Li1.06Mg0.06Mn1.88O4 100 4200 - Good Low
LiFePO4 160 3700 3.4 Good Low
materials typically consisting of active particles (metal oxide); a matrix composed of epoxy
binders (for maximum electrolyte exposition) and conductive additives; and pores filled with
an electrolyte. There are a variety of cathode materials used in Li-ion cell systems; Table 1.1
summarizes the properties of some of the most typical LIB cathodes. The critical properties
of LIB host intercalation materials for cathode compounds are found in Table 1.2.
1.3.1 The Layered Li/LixCoO2 System
At present, LiCoO2, LiMn2O4, and LiFePO4 electrode materials have represented the ma-
jority of LIB cathode research. LiCoO2, however, is the most typical cathode used in Li-ion
storage materials and the precursor of recent electrode derivatives. There is a great variety
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Table 1.2: Attribute criteria for cathode intercalation aggregates in LIBs. Adapted from
Bruce [18].
Oxide must be a Li-intercalation host
Avoid co-intercalation of solvent
Capable of arranging large quanities of Li per formula unit
Supports high Li-diffusion rates (high cell discharge/charge rates)
High electrochemical Li intercalation cycling
High open circuit voltage
Low formula mass (high gravimetric energy density)
Low molar volume (high volumetric energy density)






of LiCoO2 materials in terms of morphology, particle size and distribution, and crystallinity
characteristics. This is defined by preparation methods, synthesis temperature and time, as
well as starting materials used [19]. Layered crystalline LiCoO2 is rhombohedral (R3̄m sym-
metry) in an O3-type hexagonal structure with lattice parameters of a and c on the order of
0.281-0.282 nm and 1.403-1.408 nm, respectively [5, 20, 21]. This crystal structure consists
of oxygen atoms in close packed planes in an ABCABC stacking separated by alternating
layers of Li and Co cations in octahedral interstitial sites, as illustrated in Figure 1.4.
During the Li intercalation (discharge process), the mutual repulsion existent between
CoO2 layers diminishes due to the oxygen attraction to the inserted Li atom, increasing the
Li-O bonding strength and reducing the spacing between layers [20, 22]. This results in a
significant contraction in the crystal lattice constant that is normal to the CoO2 sheets (c pa-
rameter). The contraction-related strain in the c lattice constant (up to 2.6% for the complete
practical lithiation process) [3, 5, 17, 22] is a peculiar characteristic of LixCoO2 electrodes.
In contrast, changes in the a parameter during the electrochemical cycling are practically
negligible (≈ 0.35%). According to the material information presented in Table 1.3, among
typical cathode aggregates used in LIB systems, anisotropic c lattice-parameter strains are
more prominent in LixCoO2 electrodes and are directly related to Li content in the compos-
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Figure 1.4: LiCoO2 crystal structure. Reconstructed from Yoshio and Noguchi [13]. Among
other cathodes exhibiting same structure are: LiNiO2 and derivatives LiNi0.8Co0.2O2 and
LiNi0.8Co0.15Al0.05O2.
Table 1.3: Volumetric and lattice-parameter strains of typical cathode materials during Li
intercalation. Adapted from Woodford et. al [17].
.
Cathode Material Practical Li Content) a-axis Strain b-axis Strain c-axis Strain Volume Strain
(at 100% SOC) (∆a/a0) (∆b/b0) (∆c/c0) (∆V/V0)
LiCoO2 Li0.5CoO2 0.35 0.35 -2.60 -1.90
LiNiO2 Li0.3NiO2 1.78 1.78 -1.52 2.04
LiNi0.8Co0.15Al0.05O2 Li0.5Ni0.8Co0.15Al0.05O2 1.64 1.64 -2.12 1.16
LiNi0.8Co0.2O2 Li0.5Ni0.8Co0.2O2 1.78 1.78 -1.52 2.04
LiFePO4 FePO4 4.90 3.60 -1.90 6.60
LiMn2O4 Mn2O4 2.50 2.50 2.50 7.30
LiNi0.5Mn1.5O4 Ni0.5Mn1.5O4 2.10 2.10 2.10 6.20
ite structure. This leads to the consideration of directional lattice-parameter strains rather
than overall volumetric strains in terms of stress-strain analysis.
The suggested non-stoichiometric chemical reaction taking place during electrochemical
cycling of LiCoO2 particles can be expressed as [3, 20]: LiCoO2 ⇀↽ LixCo2 + (1− x )Li + (1−
x )e− during the charging process (left to right) and discharging (right to left). Theoreti-
cally, this implies that the cell solid matrix is exposed to a variety of Li non-stoichiometric
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concentrations (in the 0 < x <1 range) that leads to phase transformation in the LixCoO2
crystal structure and lattice constant variance [5]. However, a maximum of 0.5 Li per layer
of LixCoO2 is extracted from the cathode for the practical specific capacity of 140 mAh/g
(at x = 0.5) when cycled between 3.0 V to 4.2 V over the composition range of 0.5 (charged
battery) < x < 1.0 (discharged battery). Idealistically, this is to prevent: a) irreversibility
in the lithiation/delithiation process and b) unstable structural and morphological changes
that takes place at higher voltages. However, severe particle micro-cracks and fracture have
been observed for this material during normal cell operation as the charge and discharge
processes might not be equally experienced throughout the LixCoO2 particulate [3]. These
occurrences can potentially result in capacity fade and side electrode-electrolyte reactions
at greater potentials. In terms of thermal stability, decomposed Li0.45CoO2 and electrolyte
reactions as well as oxygen emission occurs within the 220-550◦C temperature range [23].
1.4 Relevant Materials Science Literature
In typical LIBs, the LiCoO2 particle size is on the order of a few microns and below
which influence the crystallinity of the cathode (monocrystalline or polycrystalline consist-
ing of a few grains) [24]. The crystal structure characteristics and phase transition phe-
nomena of the Li/LixCoO2 system have been systematically examined using a variety of
experimental methods. Among them are: powder X-ray diffraction (XRD) [5, 25–29]; trans-
mission electron microscopy (TEM) [30–34]; scanning electron microscopy (SEM) [35, 36];
and acoustic force spectroscopy (AFM) [22]. LixCoO2 compounds undergo a number of
anisotropic structural variations (phase transitions and phase coexistence) during reversible
electrochemical cycling. Pseudo-binary phase diagrams for the LiCoO2-CoO2 system have
been proposed [5, 37, 38] to improve understanding of how the electrochemical cycling affects
the Li/LixCoO2 crystal structure integrity. Exhaustive investigations of the Li/LixCoO2 sys-
tem in the compositional range thorough practical cycling (0.50 < x < 1.00) have explicitly
indicated:
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Reversible phase coexistence and phase transformation of LixCoO2 particles from mono-
clinic to hexagonal structures during lithiation:
Several experimental investigations have confirmed the co-existence of two hexagonal
phases (H1 and H2) in the Li/LixCoO2 system, wherein a voltage plateau has been observed,
between 0.75 < x < 0.94 and one phase regime, H1, for x > 0.94 [5, 37]. The two hexagonal
structures differ in their lattice parameters as the cathode expands/contracts during cycling.
Such phase coexistence has been attributed to the result of metal-insulator/semi-conductor
(LixCoO2/LiCoO2) transition [37]. A monoclinic-phase (with space group P2/m), M1, and
phase distortion has been observed between the compositional range 0.45 < x < 0.55 [5, 20,
25, 26, 39]. Mukai et al. [29] proposed a structural relationship between the hexagonal and
the monoclinic setting wherein the degree of distortion between the two crystal structures
is quantified. This monoclinic distortion has been attributed to a twinned structure of
the hexagonal crystals [37]. A separate study [40], however, found certain coated LiCoO2
compounds did not exhibit the monoclinic-to-hexagonal transition.
Variations of the crystallographic dimensions along the Li-composition range:
The volumetric/lattice-parameter strain in LixCoO2 particles is of an anisotropic nature
and directly related to the Li-content variation during cell operation. Large contractions in
the c parameter of the crystal structure during the lithiation process have been reported [5].
Contraction in the c lattice constant, although not clearly understood, have been attributed
to the bonding strength due to the electrostatic attraction between the adjacent CoO2 layers
towards the intercalated Li [3, 20]. Layered to spinel variations. In a number of studies [30,
31, 34] the O3 layered structure to O2 cubic spinel transition in LiCoO2 single crystals
has been revealed in the microscopic field. Gabrisch et al. [30, 31] and Choi et al. [34],
proposed that the irreversible capacity loss in LixCoO2 particles results from the hexagonal-
to-spinel change in the crystal; O2 structures are less active electrochemically than O3 crystal
structures. In an electron diffraction study, however, Horn et al. [41] found no evidence that
the layered-to-spinel transition occurs in the Li/LixCoO2 system.
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1.5 Stress Analysis in LIB Electrodes
The mechanical behavior of active electrode particles is subjected to volumetric and
lattice changes leading to possible phase transitions in the crystal structure as particles
withstand expansion and contraction during cycling. Mechanical stresses rise even in cases
of unconstrained particles due to the inhomogeneous and transient nature of the Li-diffusion
phenomena, contributing to the development of shear strains. Lithiation-induced stress
models have been numerically and analytically established to study the strain state of the
electrode material during cell operation from single particles to porous electrodes and pseudo
2-D models.
1.5.1 Implementation of Cathode Realistic Morphologies in Numerical Stress
Analysis
There is significant foregoing research concerning the mechanical behavior of LIB cath-
odes. Reconstructed LIB electrode particles have been extracted from electrodes using a
variety of microscopic techniques [11, 36, 42–45]. Lim et al. [42] used the morphology of
the negative (LiyC6) and positive (LixCoO2) active materials revealed by X-ray micro/nano
computed tomography (CT) technology to generate 3-D electrode particles. An FEA was
carried out subsequently in the study of DIS [42] under constant current density (galvano-
static conditions). The developed computational simulations in [42] show that lithiation-
induced stresses depend on geometric characteristics, with the stresses being much higher
in reconstructed particles than in idealized, spherical particles. Likewise, Seo et al. [11]
and Chung et al. [43] employed reconstructed particles of LiMn2O4 compounds in an FE
solid mechanics simulation using AFM and SEM, respectively, in each investigation. The
drawback of the AFM-based technique, however, is the limitation to reconstruct a full-body
particle (reconstruction is limited to the side scanned in the microscope). Chung et al. [43]
reported that the DIS are much greater in actual particles that in spherical particles. Seo
et al. [11] and Lim et al. [42] simulations were based on elastic, isotropic, single-phase indi-
vidual particles and made use of the thermal analogy to compute chemical strains [46, 47].
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The thermal-analogy approach was previously used for numerically determining the strain
response in idealistic single LiMn2O4 particles [46, 47]. In these studies, it was suggested that
the intercalation-induced stress increases with both, particle size and reduced aspect-ratio.
1.5.2 Anisotropy and Phase Transformations in the LixCoO2 Cathode Material
A few recent studies have considered the anisotropic nature of Li diffusion in polycrys-
talline LixCoO2 particles [6, 48, 49]. To the knowledge of the author, however, only Chung et
al. [6] had reported the hydrostatic stress in LixCoO2 particles based on a constant anisotropic
coefficient of chemical expansion. Scrutinized studies of the effects of anisotropy on the stress
response in geometrically complex electrode particles have not been reported at present. Hart
and Bates [50] used a simulating program based on a LiCoO2 lattice model and estimated
the material elastic stiffness tensor to calculate the volume strain energy density.2 In a later
study, Chung et al. [43] employed their stiffness tensor in an FEA model to investigate the
effects of the volumetric chemical changes of LiCoO2 particles on the electrode mechanical
reliability. Their findings indicate: i) irreversibility of Li-ion intercalation deleteriously af-
fects the LIB capacity and ii) the local diffusivity and anisotropic Vegard-tensor (discussed
in Chapter 2) of single nano-grains could be elucidated with the use of electrochemical strain
microscopy (ESM). This can be of significant contribution to the study of the mechanical
integrity of layered-LiCoO2 particulates, considering there is a strong anisotropy of Vegard
and diffusion tensors in layered materials [48].
Although recent studies have taken into consideration the Li anisotropic diffusivity char-
acteristics in polycrystalline LixCoO2 particles [6, 48, 49], it appears that no reported work
has comprehensively investigated the effect of such anisotropy in the stress-field response of
realistic LixCoO2 particulates. Additionally, most analytical and numerical investigations
of DIS in LIBs have not incorporated the effects of volumetric and/or lattice-parameter
strains that result from phase transformations in the LixCoO2 electrode material. Park et
al. [8], however, developed a 3-D stress-state FEA model for ellipsoidal LixMn2O4 cathode
2Elastic constant moduli was reported as Li-composition independent.
13
particles wherein the combined strain contribution of the Li intercalation and phase trans-
formation (from the cubic to tetragonal phase) were captured. Park et al. [8] showed that:
a) the resulting stresses from phase transformation can potentially increase when acting in
conjunction with intercalation-induced stresses and b) the phase-transition-induced stresses
were greater than those developed under the lithiation process. Zhu et al. [51] observations,
using nanoindentation and associated analysis techniques, indicate LiMn2O4 layer degrada-
tion and fragmentation occurs due to the accumulated stress induced by the lattice-constant
variance and mismatch related to inhomogeneous phase transformation and Jahn-Teller ef-
fect.3
1.5.3 Analytical and Numerical Approaches
Analytical methods, such as moving boundary and porous electrode theory, have been
developed to investigate the effects of phase transformation and/or phase coexistence during
Li intercalation in electrode materials [52–55]. The approach of Deshpande et al. [56], illus-
trated in Figure 1.5, established that the particle surface is where fragmentation initiates
as the maximum stress discontinuity occurs at the onset of Li-ion de-intercalation of the
anode/cathode. In a related study, Renganathan et al. [54] derived a numerical model to
study the effect of both phase-transformation and intercalation-induced stresses inside a two
phase core-shell system of a Li-ion battery wherein a LiCoO2 particle was simulated as the
storage compound. Their results indicated that residual strain due to phase transforma-
tion accumulates in the cathode and can adversely affect them. These approaches, however,
were limited by the following assumptions: a) isotropic elastic behavior in smooth spherical
particles, b) Li transport is decoupled from the phenomena of DIS, c) two phases concentri-
cally coexisting, and d) phase coexistence modeled as Li-poor or Li-rich phases. Regarding
the latter, no published literature suggests that either of the two hexagonal phases in the
phase-coexistence region of LixCoO2 is richer in Li than the other. In addition, smooth
and idealistic particles are unable to capture stress concentrations that develop in local
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Figure 1.5: Schematic of the core-shell model of an LIB electrode. Reconstructed from
Deshpande et al. [56].
concave/convex morphologies of actual cathode particles.
In a most recent investigation, Bohn et al. [57] proposed an arbitrary phase-change ap-
proach wherein single phases and a binary-phase coexistence can be modeled under non-ideal
thermodynamic scenarios.4 In this work [57], however, it was assumed that: i) ionic diffu-
sion occurs within all electrode materials, including LixCoO2,
5 ii) the contribution of the
phase transformation is not accounted in the mechanical equilibrium strain relations, and
c) the resulting chemical potential of the binary phase coexistence in the electrode is inde-
pendent of concentration. The latter denotes that the coefficient of chemical expansion of
the electrode is invariant throughout the LIB battery operation. Also, it is not clear under
what assumptions Bohn et al. [57] established a uniform hydrostatic stress in the mechanical
element. The work of Bohn et al. [57] is further discussed in Section 1.6.2.2.
1.6 Mathematical Models of the Chemo-elastic Phenomena
Typically, the strain mechanisms due to Li transportation are based on isotropic linear
elastic relations between concentration and elastic strains. In most of the recent microscale
numerical formulations directed to the study of the Li elasto-diffusion in cathode particles [8,
11, 42, 43, 46, 47], the equations for diffusion and deformation are fully coupled. This is
because the diffusion-induced stress influences the Li flux in the particle to some degree
through the gradients of hydrostatic stress and such effect is of a reciprocal nature in the
4Bohn et al. [57] defined non-ideal thermodynamic conditions as those wherein there exist Li ion co-
interactions in the electrode crystal.
5In the layered LixCoO2 cathode material atomic diffusion develops within the crystal structure and ionic
diffusion at the interface with the electrolyte, as previously depicted in Figure 1.2.
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chemo-mechanical field.
1.6.1 Coupled Thermodynamics of Diffusion: Mass and Charge Conservation
Relations.
The diffusivity of Li defines the charge and discharge rate, practical capacity, and elec-
trochemical cycling stability [14]. The Fickian diffusion relation considers that the Li flux
is only driven by concentration gradients. However, the difference in the chemical potential
also arises from internal stresses developed within the crystal induced by a heterogeneous
Li-composition field. Thus, the modified relation for the chemical/diffusion potential, µ, in-
tercalating in an electrode-host matrix in the presence of stresses can be expressed as [52, 58]:






where 0 ≤ C ≤ Cmax, µ0 is the ideal enthalpic contribution per mole of the intercalated Li
in the zero-stress reference state and the second and third terms are for ideal-entropic and
mechanical-stress contributions. This implies that µ is the sum of the coupling contribution
of the concentration effect and the strain energies. In Eq.(1.1), C and Cmax are the actual
and maximum molar concentration of the solute (in number of moles of Li per unit volume),
respectively, Ω is the partial molar volume of Li atoms in the cathode material,6 R is the
universal gas constant, T is the absolute temperature, and σh is the hydrostatic stress defined
as
σh =
σ11 + σ22 + σ33
3
(1.2)
In Eq.(1.1), Ω, is assumed to be constant and independent of the Li-content variation in the
electrode material. The typical governing equation describing the solute migration within





6The value of Ω is made up of the specific volume of the solute Li and the change in the crystal volume due
to concentration changes. This is typically reported as a constant parameter in the published literature.
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where J is the flux, D is Li diffusivity (coefficient of diffusion),7 and xj is the spatial coor-
dinate (concentration gradients are time-dependent fields). Equation (1.3) appears to infer
that swelling or contraction in the cathode material causes no stresses at equilibrium under
uniform composition.8 Incorporating the coupled effect of DIS in Li transport by adding the









this is discussed in a detailed fashion in Chapter IV. The electrochemical model must also
account for the electrostatic potential, φ, within the electrode particle, which is represented
by the Gauss equation as
∇ · (σ∇φ) = 0 (1.5)
where σ is the electrical conductivity. The Li flux is established via a charge-transfer reaction














where i is the Faradaic current density, F is the Faraday constant, i0 is the exchange current
density, αa and αc are anodic and cathodic symmetry factors, respectively, and η is the
activation overpotential.
1.6.2 Mechanical Equilibrium
In contrast to atomic diffusion in solids, which is a time dependent process; swelling
strains in the elastic media occur significantly faster, implying that instantaneous mechan-
ical equilibrium is reached [24, 58]. This allows implementing a quasi-static stress-strain
approximation in coupled intercalation-induced stresses and Li-ion diffusion mathematical
7Although the diffusivity of Li, D, is generally assumed as composition-independent, there is a wide range
of Li diffusivity values reported in the literature [14].
8The assumption is that stresses generated are transient although mechanical equilibrium is achieved in-
stantly in the elasticity field.
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models. The local stress that develops in the active sites can be expressed using the me-
chanical or force equilibrium equation for the stress, σij, components [58]
∂σij
∂xj
+ Fi = 0, (1.7)
where Fi is the body force vector. The total elastic strain, ε
T
ij, can be decomposed into the
mechanical εmij and chemical diffusion ε
d
ij strain [10] as the two dominant contributions (i.e.,






Further development of the expression in Eq.(1.8) leads to the constitutive law




where Sijkl and Cijkl are the elastic compliance and stiffness tensor, respectively; βij is
the coefficient of chemical expansion, and ∆C is the concentration difference between an
actual and an initial value (typically taken at a strain-free concentration state, C0), i.e.,:
∆C = C − C0. The stress-strain relation is more commonly expressed as a function of Ω;




[(1 + ν)σij − νσkkδij ] + βδij∆C, (1.11)
where E is the Young modulus, ν is the Poisson ratio, and δij is the Kronecker delta.
Park et al.[8] included an additional strain term in the linear elastic isotropic relation,
Eq.(1.11), to consider not only the elastic and intercalation-induced strains but also the








where ωCT = (VT − VC)/VC is the volume change ratio resulting for the isotropic phase-
transition resulting from the difference of the unit cell volume of tetragonal VT and cubic
VC structures, in that order.
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In Eq.(1.11) the similarity of the strains due to diffusion and a thermal strain is observed
when comparing this expression with the typical thermal strain relation. This is in agreement




[(1 + ν)σij − νσkkδij ] + αδij(T − T0), (1.13)
α(T − T0) =
1
3
Ω(C − C0) = β(C − C0), (1.14)
where α is the coefficient of thermal expansion and T0 is the zero-strain reference tempera-
ture. Because the electrode particles are accommodated in a porous matrix, such particles
can be considered to be in a traction-free state [24] i.e., σijnj = 0 on the surface of the
particles.
1.6.2.1 Concentration field inhomogeneity role in evolving DIS
No development of mechanical strains takes place in unconstrained bodies as long as a
uniform temperature and/or diffusion distribution field is prescribed. Thermal and/or chem-
ical strains, therefore, rise uniquely to changes in temperature and/or solute concentration
in the solid, as expressed in Eq.(1.14). This implies that the dimension of the solid body
expands and/or contract equally. The actual chemo-elastic field in the active LIB electrode
particles suggest, however, otherwise. The Li-composition field in these particles is inhomo-
geneous in nature during the lithiation and delithiation processes. Subsequently, mechanical
strains also evolve upon Li insertion/extraction into/out the host particle assuming the field
distribution is non-harmonic.9
The complete analytical quantification of DIS evolving upon a non-harmonic concentration-
heterogeneity field is a complex task. To further provide a deeper understanding, a thermal
analogy oriented to an isotropic solid body is used here. The analogy is based upon a two-
dimensional (2-D) thermoelasticity approach originally presented by Barber [59] using the
9Note that shear strains are also induced in non-uniform and non-harmonic temperature/concentration fields
and can be quite significant. The shear strains can develop in ductile or brittle materials; what it is different
is their contribution to material failure.
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trivially satisfies Eq.(1.16) and Eq.(1.15) reaches a 2-D mechanical equilibrium in plane stress
∇4φ = −Eβ∇2C, (1.18)
which can be expressed in plane strain as
∇4φ = − Eβ
1− ν∇
2C. (1.19)
An analogy-based example is given in Appendix A for a circular disk subjected to a
heterogeneous and non-harmonic concentration field. This example demonstrates the devel-
opment of stresses in a solid which is free to expand/contract.
1.6.2.2 Concentration dependency of the chemo-elastic field in LIB electrodes
Solid state diffusion subjected to variational diffusing-substance composition has been
a subject of recent research in the field of LIBs. One of the first theories to formulate
an expression of the chemical potential, µ, in interdiffusion analyses of a multicomponent
stressed solid was developed by Larché and Cahn [60]. Their work [60] showed that µ depends
on both the solute concentration and the stress-tensor trace in elastic crystals. The Larché
and Cahn chemical-potential theory [60] for a multicomponent solid body can be expressed
as10
10The effects of surface stress are neglected. The hydrostatic Cauchy stress is known in the literature as the
parameter that contributes to the internal-stress induced diffusion phenomena.
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where the molar volume V ′0 is related to its reciprocate in the reference state, V0, as V0/V
′
0 =
1 + εkk. Eq.(1.4) can then be derived from Eq.(1.20), where J = D∇µ. Note that this
relation is similar to that previously given in Eq.(1.1) with the addition of the two last
term in the right-hand in Eq.(1.20). Because stresses have to satisfy force balances that
are subjected to body shape and boundary conditions, the Larché and Cahn [60] chemical-
potential expression is of non-local nature (as opposed to the classical Fick’s law). Bohn
et al. [57] proposed a non-ideal chemical-potential relation for LIB electrodes where the
parameter g was introduced to account for the Li-ion interaction within the solid material,
neglecting elastic constant dependency on solute composition











Note that a finite concentration effect is taken into account in the Bohn et al. [57] relation.
Also, it can be inferred from the g-parameter concept that Eq.(1.21) is only applicable to
solid electrode materials wherein ionic diffusion occurs and/or the analyses is oriented to
the electrode-electrolyte interface. Also, ionic diffusion does not alter the stoichiometric
state of the solid composition whereas atomic diffusion is typically accompanied by a crystal
volumetric change. A different formulation atypically used in the literature was proposed
by Wu [61] for cases wherein the elastic constants are concentration independent. In this
work [61], the Eshelby momentum tensor is introduced in the non-classical chemical potential
instead of the hydrostatic Cauchy stress.11
A reduced number of authors have investigated the contribution of concentration-dependent
elastic constants [62–68] and concentration-dependent effective diffusivity [65, 67, 69, 70] in
the Li flux and resulting LIB electrode stress-state from the microscale perspective. Numer-
ical solutions have been proposed for the analysis of the coefficient of diffusion when this
11Term generally used to differentiate from other pressure-type stresses.
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strictly depends on the diffusing-substance concentration [57, 71, 72]. However, in the case of
LIB electrode materials, there appears to be no clear agreement in the literature with respect
to whether the Li diffusivity depends only on the composition of the diffusing substance or
if the driving force is constituted by the mass-transfer activity gradient [73, 74]. In any case,
measurements of the diffusion coefficient of Li in the LixCoO2 cathode material reported in
the literature have shown the Li-diffusivity difference during the battery operation is rarely
greater than one order of magnitude [20, 75, 76]. Chung et al. [43] indicated that the min-
imum measured Li diffusivity, as a concentration-independent parameter, in reconstructed
LixMn2O4 particles results in higher DIS (of up to nearly 30%) during intercalation than that
measured as a function of composition (as a variant parameter). These results suggest that
a low non-concentration-dependent diffusivity could yield more detrimental case scenarios of
generated DIS in cathode materials; therefore, being more conservative.
In a non-ideal Li-flux analysis in electrode materials, Bohn et al. [57] and Purkayastha
and McMeeking [72] presented a model wherein a concentration-dependent mobility, M , of
































Based on corresponding first-principle calculations in LixSn and LixSi, the set of authors
Stournara et al. [62] and Shenoy et al. [64], respectively, suggested that the anode material
studied undergoes elastic softening due to a decrement of the shear, bulk,- and Young’s
moduli during Li intercalation. Gao and Zhou [65] implemented an uncoupled concentration-
dependent Young modulus12in a fully coupled diffusion-stress relation in the analysis of
12Variant elastic modulus is not incorporated directly in the chemical potential relation.
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evolving DIS in LixSi nanowire anode material. Their findings [65] indicate that the Li flux
is more pronounced during the onset of the lithiation and decreases at the end of the charge
process. Deshpande et al. [66] proposed a mathematical model to capture peak stresses
in a homogeneous and isotropic cylindrical electrode particle upon a linear concentration-
dependent elastic modulus during the intercalation and de-intercalation of Li. These two
latter chemical processes were shown to affect the generated DIS in a non-equal manner [66].
These approaches [62–66], however, were under the assumption that the transport of Li
into the electrode is not affected by the stress state developing in the material (i.e., the
hydrostatic-stress-gradient is absent in the Li-diffusion relation).
Yang et al. [67] and He et al. [68] used a linear Li-content-dependent Young modulus in
Si and Si-and graphite, in corresponding order of the group of authors. In their work [67, 68]
the Larché and Cahn chemical-potential approach [60] for a binary-alloy solid solution was
employed. He et al. [68] variation of Eq.(1.20) was expressed as






































where the 1-D diffusion was set along the Cartesian z axis in the anode structure.
In the published literature, a vast number of studies oriented to LIB-electrode mechanical
response upon the hydrostatic-stress contribution [7, 8, 10, 11, 42, 46, 47, 52, 77] have
implemented the non-traditional Fickian relation wherein β is of non-variant nature in the
electrode material. To the knowledge of the author, however, no formulation has been
proposed to scrutinize the contribution of the concentration-dependent coefficient of chemical
expansion, β, or concentration-dependent partial molar volume, Ω, on the chemo-mechanical
behavior of elastic electrode crystals.
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CHAPTER 2
MECHANICAL BEHAVIOR OF RECONSTRUCTED LixCoO2 CATHODE PARTICLES
UNDER NON-HOMOGENEOUS LI DIFFUSION
An isothermal 3-D microscale numerical investigation of the linear elastic stress state
in reconstructed single LixCoO2 cathode particles is carried out to evaluate the mechanical
response during normal electrochemical conditions. The stress-state-related contribution of
a series of parameters, namely: discharge rate, particle size and particle morphology, phase
transformations, and isotropic/anisotropic mechanical behavior is studied during practical
lithiation of the LixCoO2 particle (0.5 < x < 0.94). Depending on the model parameters
studied here, DIS can be quite high and in some cases suggest particle fracture. In this
study, such mechanisms are demonstrated to be subjected to the particle morphology and
size, anisotropy, solute-migration inhomogeneity and composition, and discharge rates. The
present results show that stresses can be particularly high in the vicinity of sharp-edge
features on the particle surfaces. High discharge rates and phase transformation occurring
during the Li intercalation also contribute to high and/or dramatic changes in the emerged
local stresses. The strengths of the current FE approach and the future extension of this
study allow providing an improved understanding of the LixCoO2 electrode material stress-
strain response under lithiation.
2.1 Analysis of Individual LixCoO2 Cathode Particle Stress State
A 3-D linear elastic FE approach that investigates the effects of diffusion, intercalation,
phase transformation, cathode particle morphology and size, anisotropy, and discharge rate
on the stresses in the LixCoO2 material is implemented in three reconstructed particles and
an idealistic particle. The focus of this investigation is oriented to electrode particles having
surfaces in complete contact with the electrolyte (i.e., under free-expansion conditions).13
13Inactive material constraining effects are neglected.
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The effects of thermal strains are considered negligible under the normal cell operating con-
ditions used here, although such strains might be significant in thermal runaway scenarios.
The mechanical simulations depend upon constitutive relationships between the strain and
stress tensors. The Li concentration field is isotropic in nature (in terms of Li diffusivity and
electrical conductivity) and was generated in an external parallel CFD model; simulation
concepts are found in [44]. In this investigation, the chemical- and mechanical properties
of the LixCoO2 material are considered to be independent of Li composition (i.e., diffusiv-
ity, electrical conductivity and elastic constants are invariant throughout lithiation). The
present study used reconstructed data previously published by Reimers, et al. [5]. The
simulation results reported here considered the effects of both isotropic and anisotropic me-
chanical stress-strain relationships. The LixCoO2 material experiences significant volume
and pronounced anisotropic lattice constant changes and phase transformations during the
lithiation (discharge) process [5]. Thus, DIS are of potentially great concern because stresses
can exceed the material strength, leading to electrode degradation and particle fracture.
The sequence of the first phase of the investigation on the mechanics of stress generation
in individual LixCoO2 particles upon lithiation is illustrated in Figure 2.1. In the Phase-I
study, three strain-free single particles describing different size and morphology are modeled
according to a series of parameters: a) Li normalized concentration, b) 1C and 5C discharge
rates,14 c) material elastic properties (anisotropy versus isotropy in the mechanical field), d)
particle morphology, and e) particle size. In the following phase (Phase II), the reciprocal
relation between Li diffusion- and intercalation and LixCoO2 phase transformation strains
in a fully anisotropic electrochemical-elastic field is established and discussed in the subse-
quent chapter (Chapter 3). In addition, the contribution of the material crystallographic
orientation on the lithiated LixCoO2 stress-strain behavior is also scrutinized in Chapter 3.
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*Electrochemical model was derived from an external study
Figure 2.1: Modeling process flowchart of research sequence of the 3-D microscale mechanical
response analysis of single LixCoO2 particles (Phase I).
2.1.1 3-D Reconstruction of LixCoO2 Particles
Single cathode particles were extracted from focused-ion-beam–scanning-electron-microscopy
(FIB-SEM) experiments carried out by Wilson et al. [35]. In their study [35], the FIB-SEM
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technique was employed to interpret the topography of polycrystalline LixCoO2 cathode
material; grain boundaries and pre-existent cracks were observed in the examination of the
specimens. LixCoO2 cathode particles may be polycrystalline with a few grains [24], or are
composed of a single grain. The former is the case for the material specimen used in the
present work [78] implemented into the isotropic-case study and the latter (monocrystaline
cathode) was assumed for the remainder of the study that addresses the anisotropic nature
of the LixCoO2 cathode material.
To be electrochemically active, the particles must be connected to other particles and
ultimately to current-collection foils in the battery. The FIB-SEM experiments typically pro-
duce reconstructions for an assembly of particles within a 3-D rectangular domain measuring
a few tens of microns on a side [44]. The 2-D FIB-SEM microstructure images captured the
Li/LixCoO2 cathode network and corresponded to commercial Lishen LR18650AH cells. In
Wilson et al. [35], cycled (291 times) and uncycled cells were disassembled for a sample
section. The resulting volume of the rectangular FIB-SEM samples was on the order of
50.8 x 103 µm3. For the purpose of this work, only the sample imaging corresponding to
the uncycled cathode samples was employed for the reconstruction of the LixCoO2 particu-
late system. Although the inactive layers of the cathode sample were not differentiated in
the Wilson et al. [35] study, such limitation has negligible effect on the simulations of the
unconstrained particles carried out in the current work.
A smoothing algorithm that softens edges by 12 pixels was used for the processing of
nearly a couple hundred coalescing FIB-SEM images; the process was scripted in Adobe
Photoshop15 using the smooth tool [44]. With the use of these images, a 3-D reconstructed
electrode network was generated with Mimics v.15.016 [44]. Subsequently, three differ-
ent individual LixCoO2 particles were extracted and exported as a stereolithography (STL)
computer-aided design (CAD) format file. The CAD model file containing the geometry
15Adobe Systems, Inc.; San Jose, CA; http://www.adobe.com
16Materialize, NV; Leuven, Belgium; http://www.materialise.com
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Figure 2.2: Individual particles extracted from FIB-SEM cathode reconstructions. White
areas in the FIB-SEM images represent the LixCoO2 solid cathode and the black areas consist
of inactive solid materials and the pore space filled with the electrolyte.
description was further processed in SolidWorks 201217 for a suitable format to import into
the ANSYS Mechanical Workbench v.14.5.18 For illustration purposes, a schematic of the
process that encompasses the reconstruction of a 3.6-µm LixCoO2 single particle is given
in Figure 2.2; the realistic particle shape shows complex geometry with convex and concave
regions.
Figure 2.3 shows the three reconstructed cathode particles used in the present study. The
particles, labeled P1, P2, and P3, are rendered at the same scale to show the relative particle
sizes. In addition to the reconstructed particles, a perfectly smooth spherical particle (labeled
Ps−1) was also modeled. The yellow patches on Figure 2.3 indicate the surface position
through which electrical current enters the particle during discharge. Li enters the particles
via charge-transfer reactions on the surfaces that are in contact with the electrolyte solution.
The LixCoO2 crystal grain orientation is illustrated by the xyz axes. In the present study,
17Dassault Systmes S.A.; France; http://www.3ds.com
18ANSYS, Inc., Canonsburg, PA; http://www.ansys.com
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Table 2.1: Particle geometric and mesh characteristics and current densities at 1C
Particle Volume Surface Area Size FE Nodes i at 1C
(µm3) (µm2) (µm) (A m−2)
P1 4.10 15.0 2.6 86,015 7.56
P2 16.50 37.1 3.6 106,506 7.92
P3 82.34 116.7 10.2 316,624 7.58
Ps−1 82.34 91.6 2.7 65,637 9.14
Ps-1
Figure 2.3: Three reconstructed cathode particles and a 2.7-µm spherical particle. The
electrical contact areas are shown as yellow patches. As indicated by the Cartesian axis, the
z axis of the LixCoC2 (aligned with the c axis) is essentially tangent to the electrical contact
area.
the electrical contact areas (yellow patches) and crystal orientation are assigned somewhat
arbitrarily. However, in all cases the electrical contacts are essentially tangent to the c-lattice
parameter of the LixCoO2 crystal structure, which corresponds to the z axis. Table 2.1
provides a summary information about each of the LixCoO2 particles examined in this work.
2.1.2 Computational Discretization
The particle mechanical stress-strain state is closely coupled with the transient concen-
tration field of the solute within the cathode material. Thus, the model must couple an
electrochemical simulation with the mechanical simulation. The electrochemical simulation
was externally accomplished in a finite volume (FV) setting using the TGRID algorithm
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of the ANSYS Fluent software [44] for the complex morphology of the reconstructed par-
ticles and FV tetrahedra were imposed on the idealistic spheric particle. The mechanical
simulation was carried out in an FE setting using extensions of the ANSYS Mechanical
software to support the co-interaction of the structural-diffusion coupled field. Because two
different discretizations were used, at each time step during a transient discharge simulation,
the Li-concentration field communicated from the electrochemical simulation to the mechan-
ical simulation. Wiedemann et al. [44] employed user-defined functions (UDFs) to impose
the boundary conditions in the electrochemical cycling and used an implicit second-order
algorithm; modeling details are found elsewhere [44]. DIS are simulated into a quasistatic
FE structural model based upon external mapped data embedding the resulting Li-content
field. The concentration field was imported employing the triangulation weighing method in
the mapping settings.
2.1.3 FE Meshing upon External Mapped Data
The error indicators, mesh quality, aspect ratio, and FE node-to-FV mapped cell ratio (r)
were quantified for a relative element discretization error and adaptive refinement. Because
the chemical-induced strain has a major contribution to the mechanics of stress generation
in the individual particles, error locators were based upon this relation and the external-
mapped-cell population with respect to the FE mesh element size. The latter were taken
into account due to the significance of connecting the mapped Li-content field into the FE
mesh in an effective fashion. The error in the FEA was set as a percentile function E, defined
as the ratio of the difference between the exact solution for the maximum analytical chemical
strain,19 εdij,a, and the corresponding numerical solution,ε
d




















Figure 2.4: Refined tetrahedral mesh of a 3.6-µm medium LixCoO2 single particle (P2)
containing the structural-diffusion 10-node element coupled field.
The model was successfully meshed using the patch conforming algorithm to generate
tetrahedral elements.20 The error locators indicated fine FE meshes yield the lowest solution
errors to some extent for a reduced (less populated) mapped cell field, i.e.: r>0. When the
number of mapped cells surpassed the FE mesh node number, inconsistent and inaccurate
solutions resulted. This was possibly due to the mapping control methods developed inter-
nally in the FE model which is independent of the mesh quality. Upon inspection of the error
locator results, an adaptive mesh was implemented using the body sizing tool in the ANSYS
Mechanical software. This was carried out by refining existing tetrahedral elements, in-
creasing mesh quality and reducing solution errors while optimizing the computational time
required. The resulting mesh error and quality percentage of the models presented here are
approximately 0.5% and 75.91%, in that order. The numerical solution obtained with the
mesh refinement is considered sufficiently approximated to the analytical solution. Figure 2.4
is given for illustration purposes.
20Meshing tetrahedral elements results more practical in terms of computational cost (requires fewer nodes
than hexahedral elements) and provides a good representation of the DIS state for the scanned surfaces
of realistic particles with locally concentrated stresses [11]. In the present study, hexahedral elements
generated lower quality meshes.
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2.2 Phase Transformation and Total Strain
Figure 2.5a illustrates a pseudo phase diagram, which shows the possibility of three phase
transformations (during practical lithiation) as a function of Li intercalation [5]. There is
significant discontinuity between the crystal volume associated with two hexagonal phases,
as shown in Figure 2.5b. Figure 2.5c-d indicate there is a considerable anisotropy between
the a and c crystal parameters. According to Figure 2.5d, the c axis can experience as much
as a 2.6% contraction upon full lithiation (battery discharge). In Figure 2.5c the a lattice
parameter is equal to the b lattice parameter in the hexagonal phases, and in the monoclinic





Note that although there is a very small increase in the a parameter as the Li fraction in-
creases, a much more pronounced contraction in the c-lattice parameter occurs as Li fraction
increases.
The coincidence of two hexagonal phases (Figure 2.5, 0.75 < x < 0.94) presents a chal-
lenge to mechanical modeling. For simulation purposes, it is assumed that the volumetric
and/or lattice constant dimensions are affected equally by contributions from the H1 and
H2 phases; thus, representing the overall misfit strain as an average. The present study is
the first to numerically predict the mechanical effects of the two coexisting phases and phase
transformations in the LixCoO2 cathode material. This investigation uses approximate linear
functions to represent the strain associated with lithiation, as illustrated in Figure 2.5b-d.
This work compares predictions based upon isotropic and anisotropic structural behavior.
The isotropic case uses the linear functions representing volumetric strain as illustrated in
Figure 2.5b. The linear function is less accurate in the monoclinic phase than it is in the
hexagonal phases; this is later discussed in Chapter 4 (Phase III). The anisotropic case uses
the linear functions to approximate the lattice parameters as shown in Figure 2.5c-d. It can
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Figure 2.5: Li/LixCoO2 pseudo phase diagram; adapted from Reimers, et al. [5] The mono-
clinic phase is labeled as M1. Two hexagonal phases are labeled as H1 and H2, respectively.
greater than that in the a lattice parameter.
2.3 Electrochemical Model
The electrochemical model in the present study makes two important assumptions [44].
First, the electrochemistry within the cathode particle is of isotropic nature. Second, the Li
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diffusion is entirely driven by concentration gradients, thus neglecting any contribution for
hydrostatic stress gradients. The fully diffusion-stress coupling phenomena is examined and
discussed in Chapter 4. Based upon these assumptions, the Li-concentration field within the
LixCoO2 lattice constant is derived from Eq.(1.3)
∂C
∂t
= ∇ · (D ∇C) .
The electrostatic potential, φ, within the cathode material is governed by the Gauss equation
given in Eq.(1.5)
∇ · (σ∇φ) = 0.
Because Eqs.(1.3) and (1.5) both involve elliptic spatial operators, boundary conditions are
required everywhere on the particle surface. Everywhere in the surface, except the electrical
contact area (yellow patches, Figure 2.3), the Li flux is established via a charge-transfer













The overpotential is defined as
η = φed − φel − Eeqed, (2.1)
where φed and φel represent electric potentials of the electrode and electrolyte phases, respec-
tively, and Eeqed is the equilibrium electric-potential difference. The exchange current density
is modeled as
io = krFCLi+
αa(Cmax − C)αaCαc , (2.2)
where kr is a constant, CLi+ is the Li-ion concentration in the electrolyte solution, C is
the intercalated Li concentration at the outer edge of the cathode (i.e., interface between
electrode and electrolyte solution), and Cmax is the saturated (maximum) intercalated Li






















Figure 2.6: Cathode particle illustrating the imposed electrochemical and mechanical con-
servation equations and interface boundary conditions.
As illustrated in Figure 2.6, at the interfaces between the cathode particle and the elec-
trolyte solution, the electrostatic-potential gradient and the Li flux are governed by the
charge-transfer chemistry as




The outward-pointing surface-normal unit vector n represents the local spatial orientation
of the cathode surface. The local current density ṡe is evaluated from the Butler–Volmer
equation, Eq.(1.6), based upon local conditions at the cathode surfaces. Assuming a speci-
fied C rate, the current density i = I/A (i.e., current per unit area) at the electrical-contact
interface is evaluated from the total current I and the contact area A (yellow patches in Fig-
ure 2.3). At the interfaces between the cathode particle and electrical contact, the Li fluxes
must vanish and the electronic current density i is specified by the discharge rate.
σ∇φ · n = i, D∇C · n = 0. (2.4)
2.4 Mechanical Model
The FE mechanical model within the particles depends upon the local Li-composition
fields that are imported from the electrochemical model at selected time-steps (at a given
discharge state). In this work, a quasi-static approach is considered appropriate for modeling
an elastostatic problem at each instant during the discharge. As shown in Figure 2.6, the
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+ Fi = 0
In the model presented here, the surface of the electrode particle is considered traction
free. Thus, the cathode particle is considered to be in a free-expansion, quasi-static, state
wherein equilibrium, Eq.(1.7), is satisfied at every location.21 The total elastic strain, εTij,
is decomposed into the mechanical εmij and chemical diffusion ε
d







As a basis for comparison, the material properties within cathode particles are first
assumed to be isotropic. Then, in subsequent simulations, the LixCoO2 lattice constant is set
as anisotropic in nature. The thermal analogy is used to compute the strains resulting from Li
diffusion. A single stress-strain relationship that incorporates the strains induced by both the
Li intercalation and phase transformations is implemented in the models. This approach is
facilitated by a concentration-dependent chemical expansion tensor, βij. This tensor provides
the changes of the crystal volume in the isotropic case (Figure 2.5b), and the changes in the
lattice parameters for the anisotropic case (Figure 2.5c-d). Thus, in the LixCoO2 particles
examined here the diffusion-induced strain is both structure and composition sensitive.
2.4.1 Isotropic Strains




[(1 + ν)σij − νσkkδij ] + βδij∆C.
In the isotropic case, it is assumed that the particle contains a sufficient number of grains to
use effective isotropic elastic constants. In this work, Reuss averages are used to obtain an
21Inhomogeneous nature of the solute concentration field creates non-uniform elastic strain and stress fields
within the particle that are irrespective of external constraints, as explained in Section 1.6.2.1
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effective Young’s modulus ER and an effective Poisson ratio νR evaluated from the hexagonal
elastic constant data reported by Hart and Bates [50]. The Reuss technique, where the
effective compliance is the average crystal compliance, sR = 〈s〉, is used to approximate the
hexagonal crystal ER and νR values. These can be computed based on the effective bulk














To the best knowledge of the author, no data have been reported regarding the LixCoO2
monoclinic-phase material properties. Therefore, the anisotropic models make use of the
hexagonal elastic constants throughout the complete practical lithiation (0.50 < x < 0.94).
Previous studies have used a wide range of values for the Young’s modulus of LixCoO2 [42,
50, 54, 80, 81]. The calculated value of ER lies within this large range of values for E.
The value of β for the isotropic case is extracted from the lattice-volume data shown
in Figure 2.5b. For a given volumetric strain (represented in Cartesian coordinates), the vol-
ume at a given interaction fraction of solute, x, may be evaluated as V (x) = (da+εda)(db+
εdb)(dc + εdc). Expanding this relationship, and neglecting higher-order contributions, the
normal chemical strain due to both intercalation and phase-transformation in the LixCoO2


























In these expressions χj is the slope of the linear function corresponding to the specific Li
composition range and V0 is the initial crystal volume of the cathode (at x ≈ 0.5). In Chapter
4, β is re-defined as the ratio of the volumetric strain and corresponding concentration




Most previous works oriented to the study of LIB cathode mechanical response have used
isotropic elastic properties. However, among typical cathode materials, anisotropic lattice-
parameter strains are most prominent for LixCoO2 [17]. The anisotropy is particularly im-
portant because LixCoO2 electrode particles are typically monocrystalline or polycrystalline
with only a few grains [24].
In the anisotropic case presented here, the stress analysis is based upon directional lattice-
parameter strains instead of overall volumetric strains. The diffusion strain is determined
from the anisotropic crystal lattice behavior (Figure 2.5c-d). The anisotropic elastic stress-
strain relationships may be represented as previously expressed in Eq.(1.9)
εTij = Sijk`σk` + βij∆C
The concentration-dependent βij is evaluated from the linear fits to the lattice-constant data
(Figure 2.5c-d). The model incorporates the anisotropic βij tensor into the normal strain
relationships. These anisotropic relationships capture the combined effect of the lattice-
contraction and phase-transformation strains that are induced during battery discharge.










where a0 and c0 are the corresponding a and c lattice-constant values at x ≈ 0.5 (i.e.,
onset of the discharge process). The resulting anisotropic stress-strain relationship is then
decomposed as
εTij = Sijk`σk` + ε
d
ij (2.10)











































Figure 2.7: Approximate chemical linear chemical strains as functions of Li intercalation: a)
aligned with a and b lattice directions, εdxx and ε
d
yy and b) aligned with c lattice direction,
εdzz. The isotropic strains are the same in both plots but in different coordinate scales since
by definition this strain must be the same in all directions.
2.4.3 Li Content and Isotropic and Anisotropic Chemical Strains
Figure 2.7 plots the approximate isotropic and anisotropic strain functions that are de-
rived from the Reimers et al. [5] data and used in the present models. As shown in Figure 2.7a
the anisotropic strain in the a and b lattice parameter (x- and y directions) displays swelling,
to some extent, as the Li fraction increases. Conversely, the anisotropic strain in the c lattice
parameter (z direction) shows an acute contraction as Li fraction increases (Figure 2.7b).
The discontinuities observed at x ≈ 0.75 result from the H2-to-H2+H1 hexagonal phase
transition. Figure 2.7 shows that the chemical isotropic and anisotropic strain functions
are predominantly different. Thus, it should be anticipated that stress fields predicted by
isotropic models differ considerably from those that assume the more-realistic anisotropic
behavior. Table 2.2 lists physical parameters that are used in the present study (Phase
I). Other parameters and implementation details for the electrochemical model are found
elsewhere [44].
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Table 2.2: Li/LixCoO2 cathode model parameters used in the FE structural analysis (Phase
I).
Name Symbol Value Reference
Density ρ 2328.5 kg m−3 [44]
Effective Young’s modulus ER 370.0 GPa Current study





Effective Poisson’s ratio νR 0.20 Current study
Li saturation concentration C94% 22.37 kmol m
−3 [44]
Initial Li concentration C50% 11.95 kmol m
−3 Current study
Isotropic Li diffusivity D 5.387× 10−15 m2 s−1 [44]
2.5 Results and Discussion
In the work presented here, DIS are expressed in terms of maximum principal stresses
because of their significance in scrutinizing the mechanical integrity of ceramic/non-ductile
materials.23 These stresses are found to be more appropriate for anticipating mechanical fail-
ure in the LixCoO2 electrode material. As presented in Figure 2.1, preliminary investigations
are directed to delineate the surface morphology and material anisotropy contribution on the
mechanics of stress generation upon lithiation of individual LixCoO2 compounds under the
1C discharge-rate scenario. The roles of Li composition and material phase transformation,
particle size and reconstructed morphological features, and discharge rate parameters in the
cathode induced stress-strain state are discussed in the subsequent sections of this chapter.
2.5.1 Isotropic and Anisotropic Models
Figure 2.8 illustrates the resulting stress fields in particle P2 at t = 1850 s dur-
ing a 1C discharge, for the isotropic- and anisotropic–based models. In both cases the
stresses are found to be compressive in the particle interior, but tensile in the outer re-
gions of the particle. The anisotropic model predicts significantly higher tensile stresses.24
Concave features in the anisotropic particle particularly capture high tensile and localized
23The stress generation due to the intercalation of Li into LIB reconstructed cathode particles have been
estimated based on resulting Tresca and/or von Mises stresses in previous related investigations [11, 42].
24Based upon the results later provided in Section 2.5.5, it could be anticipated that this effect can be more
pronounced with increasing discharge rates.
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Figure 2.8: Diffusion-induced stress fields in: a) a transverse-cut section of particle P2 under
b) isotropic and c) anisotropic modeling conditions at t = 1820 s (midway through the 1C
discharge process).
stresses. Such stresses may be conducive to crack initiation and fracture in ceramic ma-
terials. Although particles that differ in their crystallographic orientations and electrical
contact distribution will lead to dissimilar stress fields, this result strongly suggests that
using isotropic LixCoO2 models may significantly under-predict deleterious tensile stresses.
The isotropic-anisotropic discrepancy between the values and distribution of tensile stress
in the cathode compound accentuates the need to examine the mechanical integrity of single-
or few-grain LixCoO2 crystals using the anisotropic approach. This is particularly important
when scrutinizing the tensile strain contribution to cathode cracking as the battery cycles.
Based on the current results, the combined assumption of both isotropic mechanical (elas-
tic material property-based)- and chemical diffusion (isotropic Vegard/chemical-expansion
coefficient) strain conditions could yield a misrepresentation of the assisted stresses develop
in the layered LixCoO2 cathode particles that are actually of anisotropic nature. In the
following DIS-related studies, the anisotropic strain field is implemented so that the role of



















Figure 2.9: DIS (a, b)- and concentration-gradient (c, d) fields in fully lithiated particles
Ps−1 and P3 at the end of a 1C discharge (i.e., t = 3600 s). Both simulations are based on
the anisotropic model. As noted in Table 2.1, these particles have comparable volumes.
2.5.2 Surface Morphology
Figure 2.9 compares predicted stress and concentration-gradient fields in the ideal spher-
ical particle Ps−1 alongside the volume-equivalent reconstructed particle P3. Both cases use
the anisotropic model, but the ideal spherical particle has a very smooth convex surface
compared to the relative rough features of the reconstructed particle. At the end of the 1C
discharge process, the maximum predicted tensile stress in Ps−1 is approximately 53.8 MPa
(Figure 2.9a). By comparison, the maximum predicted tensile stress in P3 is on the order
of 79.9 MPa (Figure 2.9b). In both cases, stresses in the core of the particles are slightly
compressive, with tensile stresses in the outer regions. The non-smooth surfaces of the ac-
tual particles examined led to much larger local stress variations than were predicted in the
smooth-surface spherical particle.
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The stress field within the spherical particle tends to be concentric, which is the result
of an essentially concentric and more uniform Li-composition field. However, because the
electrical contact occupies only a portion of the particle surface, the fields are not exactly
concentric.25 In any case, the shapes of actual particles are usually very different from
spheres. Consequently, although the predicted fields may look qualitatively concentric (i.e.,
more compressive toward the interior), the actual fields can be quite different from those in
idealistic particles.
High concentration-gradient fields of approximately 106-107 kmol m−4 are segregated
along P3 outer layers that develop from the resulting inhomogeneous Li migration field. In
contrast, Ps−1 shows less significant uniformly distributed gradients of Li concentration that
are at least one order of magnitude smaller (105-106 kmol m−4) than those that emerge in
P3, as shown in Figure 2.9c-d, respectively. Hence, it can be stated that idealistic- and
smooth particle models are limited in capturing concentration gradients that emanate in the
morphology of realistic compounds. These highly localized gradients result in higher DIS
originating in the intercalation process.
These results indicate that surface features dominate the mechanical response of the
cathode particle. The local superficial discontinuities result in regions that lithiate more
quickly than the surrounding area. Consequently, these locations will then undergo early
phase transformations more rapidly (as the Li content increases) than the surrounding mate-
rial, leading to very high and localized stresses. This effect, later discussed in Section 2.5.4,
is not captured by simulations using idealized particles.
2.5.3 Shape and Size of Reconstructed Particles
Figure 2.10, Figure 2.11, and Figure 2.12 show predicted maximum-principal stress
fields in the three reconstructed particles (P1, P2, and P3) at t = 1650 s into a 1C discharge
(prior midway of the lithiation process). The morphology of reconstructed particles along
25More concentric Li-composition fields haven been generated by Lim et al. [42] wherein the complete surface
of the LixCoO2 reconstructed particles is imposed as the cathode-to-electrolyte- boundary condition (i.e.,































Figure 2.10: Maximum principal stress and concentration gradient fields in P1 at t = 1650
s (midway through complete discharge) under a 1C discharge: a) stress contours on the




























Figure 2.11: Maximum principal stress and concentration gradient fields in P2 at t = 1650
s (midway through complete discharge) under a 1C discharge: a) stress contours on the
surface, b) stress contours on a cross-section cut, and c) concentration gradient contour on
a cross-section cut.
with relatively low Li diffusivities lead to the non-uniform spatial distribution of the solute
throughout the cathode particles. In all cases, the general maximum principal stress patterns
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Figure 2.12: Maximum principal stress and concentration gradient fields in P3 at t = 1650
s (midway through complete discharge) under a 1C discharge: a) stress contours on the
surface, b) stress contours on a cross-section cut, and c) concentration gradient contour on
a cross-section cut.
are qualitatively similar (i.e., compression develops in the center and tension near the outside
edges). Concave features on the surfaces tend to be regions of high tensile stress. Particles P1
and P2, which are, to some extent, close in particle size, show comparable stress distributions.
Stresses equivalent to 78.8 MPa and 84.7 MPa emanate in concave regions in the small (P1)
and medium (P2) particles, respectively. The largest particle P3 shows a wider range of DIS;
the highest stress, on the order of 130.7 MPa, develop on the surface of this particle, P3.
In Figure 2.10, Figure 2.11, and Figure 2.12 it is observed that the magnitude of the
maximum principal stress can be related to the magnitude of the solute concentration gradient
as a dominant parameter in predicting the severity of resulting DIS. In P3 the maximum Li
concentration gradients are on the order of 108 kmol m−4, while in P1 and P2 these gradients






































Figure 2.13: a) Variation of intercalated Li fraction, ∆x and b) maximum principal stress
(as DIS) within the reconstructed particles throughout a 1C discharge.
2.5.4 Li Content and Maximum Principal Stress
Similar to non-harmonic and non-uniform temperature distributions developing in a solid
that is free to expand and/or contract (see Section 1.6.2.1 for details), the heterogeneous Li-
concentration distribution in the unconstrained cathode particles causes mechanical stresses
to develop. The coupled effect of both the non-homogeneous (and non-harmonic) nature
of the composition field and the particle morphology and size demarcate the distribution
and degree of the resulting concentration and corresponding gradients at a given discharge
time. Figure 2.13a shows the maximum variation in Li fraction ∆x within the three actual
particles. The small particles (P1 and P2) show relatively small composition variations that
are essentially constant at ∆x ≈ 0.02.27 The variations in the larger particle (P3) are much
greater, and peak at ∆x ≈ 0.14 at about midway through the discharge.
26Although the predicted results are based upon quantitative simulations, they should be understood in
terms of qualitative trends. Individual particle shapes and sizes are random within the full electrode as
well as the electrical contacts and crystallographic orientations. Thus, any particular simulation cannot
produce a fully general result.
27The normalized Li difference, ∆x, is calculated as the maximum- and minimum Li composition difference
existent throughout the particles at a given time step/lithiation-process stage.
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Figure 2.13b shows the transient maximum principal (tensile) stresses during a 1C dis-
charge. The stress profiles are qualitatively similar for all the particles, but the magnitudes
are noticeably greater for P3. The stress peaks at approximately midway through the dis-
charge are on the order of 518.0 MPa, 523.8 MPa, and 747.0 MPa for P1, P2, and P3,
respectively. These evolving stress peaks are caused by the phase transformations between
the two hexagonal phases (H2 to H1+H2) that takes place at x ≈ 0.75 (see Figure 2.5 and
Figure 2.7). These acute increases in tensile stress, which tend to be concentrated around
notch-like features on the particles surfaces, can serve to damage or fracture the cathode
particles. The level of maximum stress in all particles drops during the phase coexistence,
being 38.9 MPa, 45.4 MPa, and 79.9 MPa in P1, P2, and P3, respectively, at the end of the
complete discharge (t = 3600 s).
Figure 2.14, which shows contours of maximum DIS, chemical strain, and Li concen-
tration within P3 at t = 1850 s (midway through the complete intercalation process), helps
to explain the profiles shown in Figure 2.13. The peak stress developed is highly localized
in a small surface feature that is enclosed by the circle. Upon examination of the result-
ing equivalent chemical strains, it is observed that these strains are somewhat low at this
sharp region, being nearly 4,863 microstrains. This high-stress site is confined by a highly
chemically strained particle section that shows chemical strains of up to 7,887 microstrains,
as depicted in Figure 2.14b. This misfit strain is due to the highly concentrated Li atoms
that highly diffused in the sharp edge, which is illustrated in Figure 2.14c. These strains can
promote fragmentation in the ceramic LixCoO2 particle. This indicates that sharp edges in
relatively large cathode particles could result in preferential sites for Li to migrate at the
given condition. Because the small feature lithiated so rapidly relative to its surroundings, a
highly localized phase transformation (H2 to H1+H2) contributed to locally high stresses of
up to 747.1 MPa. The local phase transformation results in a relaxation of the local chemical
strains in the surrounded regions.
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Figure 2.14: Localized fields within P3 at t = 1820 s during a 1C discharge. a) Maximum
principal stress; b) equivalent chemical strain; c) local Li fraction x.
The non-uniformity and severity of DIS throughout intercalation is related to its depen-
dence on the heterogeneity degree of the Li field (level of concentration and composition
gradients), as well as particle size and morphology. Low solute diffusivities result in large
DIS and mechanical degradation due to the increase of the Li concentration inhomogene-
ity [77]. In an analytical solution, Song et al. [77] showed DIS in an LIB electrode are
due to both the concentration level, ∆x, and the concentration gradients of Li. Chung et
al. [43] demonstrated that slower diffusion in reconstructed LixMn2O4 particles results in
extreme DIS, particularly in sharply indented surfaces. In a similar investigation to that of
the current work, for a comparable P2 particle (present study), Lim et al. [42] studied the
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DIS including the hydrostatic-stress-gradient effect on Li flux in a 3.1-µm LixCoO2 recon-
structed particle. From their results [42], the estimated normalized composition difference
is consistently on the order of ∆x ≈ 0.001 during a 1C discharge. This indicates a nearly
homogeneous concentration field is somewhat influenced by a relatively high Li diffusivity
that is implemented in their study. Hence, practically invariant low DIS (maximum von
Mises stresses reported in the 1-2 MPa range) develop during the entire intercalation. The
degree of the nonhomogeneous nature of the Li transport into the host lattice is substantially
dictated by its diffusivity rate in the cathode material, which has been subjected to a vast
number of experimental investigations. Diffusivity values for the LixCoO2 cathode material
have been reported varying from 10−17 to 10−11 m2/s [14]. This indicates that the predicted
stress-strain state of the cathode compounds is variant among studies because of the critical
dependency of DIS on the diffusivity value assumed. This is discussed further in Chapter 3.
2.5.5 Discharge Rate
Significant localized elastic stresses are developed in the cathode material when dis-
charged at the faster rate of 720 s (5C). The resulting Li-composition field is found to be
more non-uniformly distributed spatially. Figure 2.15 shows that the amount of Li trans-
ported into the LixCoO2 particles is considerably affected by faster discharge-rate conditions;
this is consistent with the results reported in [10, 11, 42]. As a consequence, there is an in-
crease in the concentration gradients of at least one order of magnitude. Hence, under the
5C discharge condition, the induced stresses increase nearly five times as compared with the
1C stresses. These results are shown in Figure 2.16, Figure 2.17, and Figure 2.18 of the
reconstructed particles lithiated midway through the discharge (i.e., t = 335 s). Findings
demonstrate that the DIS of the cathode compounds increase proportionally with increasing
C rate. High localized stresses are found in pronounced concave surfaces in P1 and P2; the
former particle shows superficial stresses of compressive nature. The largest particle, P3,













































Figure 2.15: Concentration field in reconstructed particle cross section under the 1C (left
column) and 5C (right column) lithiation conditions at midway through discharge, t = 1850
s (1C) and 335 s (5C).
The calculated level of Li-content during lithiation at the 5C condition is shown in Fig-
ure 2.19a. In a similar fashion to that presented in P1 and P2 under 1C-rate discharge,
the degree of Li transported into these particles is relatively steady during intercalation at
5C. However, the Li migration is slightly more non-uniform in P2 (∆x = 0.10) than in P1
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Figure 2.16: Resulting DIS in P1 discharged at t = 335 s (midway through complete dis-
charge) under the 5C discharge condition: a) stress contours on the surface, b) stress contours
on a cross-section cut, and c) concentration gradient contour on a cross-section cut.
























Figure 2.17: Resulting DIS in P2 discharged at t = 335 s (midway through complete dis-
charge) under the 5C discharge condition: a) stress contours on the surface, b) stress contours
on a cross-section cut, and c) concentration gradient contour on a cross-section cut.
(∆x = 0.07). In contrast to P1 and P2, a fluctuating concentration difference in P3 is ob-
served, reaching the maximum value of ∆x = 0.23 during the H2-to-H2+H1 phase transition
(t = 413 s) and gradually declining for the remainder of the lithiation process, showing a
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Figure 2.18: Resulting DIS in P3 discharged at t = 335 s (midway through complete dis-
charge) under the 5C discharge condition: a) stress contours on the surface, b) stress contours


































Figure 2.19: a) Level of intercalated Li atoms in various reconstructed single LixCoO2 host
particles during 5C discharge. b) Maximum DIS across reconstructed LixCoO2 particles
throughout 720 s lithiation (5C).
minimum of ∆x = 0.14 (at t = 720 s).
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Figure 2.19b depicts the evolution of DIS in the particles when lithiated at 5C. The
faster discharge conditions produce high stresses throughout the M1 and H2 material phases.
During the H2-to-H2+H1 phase transition (t = 413 s), extreme DIS values as high as 436.8
MPa, 503.6 MPa, and 671.0 MPa occur in particles P1, P2 and P3, respectively. Because the
chemical strains significantly decline in later times during discharge, where the coexistence
phases prevail (413 s ≤ t ≤ 720 s), the total stress level drops substantially in all particles.
Thus, at the end of the intercalation process the stresses on order of decreasing particle size
are 371.4 MPa, 245.4 MPa, and 194.9 MPa. Note that the stress state developed in the
LixCoO2 material is determined by the level of concentration of the intercalated Li and the
heterogeneity in its distribution. In this study, it is evidenced that both of these factors are
highly dependent on the discharge rate as well as particle size and morphology.
As the cathode material lithiates, fluctuating DIS evolve in all the particles examined as
a response to the inhomogeneous nature of the Li-composition field. For instance, in Fig-
ure 2.20, maximum stresses were investigated based upon four locations on the surfaces of P3
under 1C and 5C discharge rates. These locations are chosen near topological features that
would tend to create abrupt local stress changes. A normalized time, t̂ = t/tD, is introduced
where tD is the total time for discharge. Dramatic stress changes that involved stress peaks
and decays develop in P3 (Figure 2.20) when the H2-to-H2+H1 phase transition occurs at
pronounced concave and convex locations. Entering the coexistence region, a comparable
stress evolution pattern occurs at all locations evaluated in the particle throughout the re-
mainder of the lithiation. Similar results corresponding to the small- and medium particle,
P1 and P2, respectively, are given in Figure C.1 (Appendix Section), in that order.
For particle P3, Figure 2.21 depicts the internal evolution of DIS, equivalent chemical
strains, and the corresponding normalized Li-concentration field under the 5C discharge rate
at:
1. M1-to-H2 (t = 85 s) phase transformation,







































































Figure 2.20: Localized DIS versus intercalation time at various sites on the surface of P3
when discharged at 1C and 5C.
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3. H2+H1 coexistence region; end of the discharge process (t = 720 s).
At the onset of the discharge process (t = 85 s) the resulting DIS are as high as 553.2
MPa on sections of the P3 surface (Figure 2.21a). During the phase transition from H2-to-
H2+H1 coexistance phases (t = 413 s), high tensile stress (> 300 MPa) also develop inside
the particle, in interlayers (Figure 2.21d). Also, relatively low tensile stresses (≤ 50 MPa) to
compressive stresses (≥ -76.2) comprised a high-stress interlayer region. This is due to the
chemical-strain misfit that emerges as the host lattice is lithiated (Figure 2.21e), where the
H2+H1 phase transformation evolves at x ' 0.75 (Figure 2.21f). Hence, the in-transition
H2-to-H2+H1 phase sites exhibit very large chemical strains with neighboring layers in the
H2+H1 coexistance region. The resulting strain misfit is responsible for the formation of as-
sorted stresses of both tensile- and compressive nature throughout the reconstructed particle,
as previously illustrated in Figure 2.18. Results suggest the mismatch of the chemical strains
due to H2-to-H2+H1 phase transition in the particle is acutely affected by an accentuated
heterogeneous Li concentration field due to the particle size and elongated shape. This ut-
terly defines the response of the assisted mechanical stress contribution that develop in the
unconstrained P3 particle to maintain the solid continuity throughout the Li intercalation
process. Figure 2.21g depicts that at the end of the lithiation process (t = 720 s) the level
of DIS declined and stresses are of compressive- and tensile nature in the inner and outer
layers of the particle, respectively, as typically anticipated. According to Figure 2.21h, the
mechanical behavior of the particle is governed by the substantial diffusion strain drop that
occurs as the particle was fully lithiated within the practical discharge (t = 720 s). Note that
faster discharge rates cause a substantial amount of Li diffusion in the outer layer, reaching
its maximum/stoichiometric capacity (Figure 2.21i). This has a subtle effect on the DIS, as
these stresses slightly increase when the particle is fully discharged.28
28Note that these results are an extension of those presented in Figure 2.20 wherein Site 1 corresponds to









































































































































Figure 2.21: Internal mechanical response of P3 lithiated under the 5C condition at various
discharge times (85 s, 413 s, and 720 s): Maximum principal stresses (left column a, d, and
g); equivalent chemical strains (centered column b, e, and h); and Li concentration (right
column c, f, and i).
2.6 Conclusions
In this study the mechanical behavior of reconstructed LixCoO2 cathode particles is
numerically investigated under heterogeneous Li diffusion conditions. It is demonstrated that
the stress developed in the particles is directly influenced by the Li composition, discharge
rate, particle morphology, and particle size. It is shown that the non-homogeneous nature of
the Li concentration field, the morphology and size of the particles, and the lithiation rate
determined the degree of concentration gradients. It is found that the combined assumption
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of both isotropic elastic and the chemical strain conditions is very limited for predicting
stresses in single LixCoO2 cathode particles. Indeed, the anisotropic models demonstrate
that the cathode particles could encounter the critical strain needed to promote cracking.
In contrast to the morphology characteristic of reconstructed cathode particles, the ide-
alistic and smooth spherical particle examined here encounter limitations in capturing con-
centration gradients and localized non-uniform Li distribution during the intercalation. The
gradients of Li composition and the inhomogeneous lithiation occurring in the particles crit-
ically contribute in defining the stress state in the particles. This was because the LixCoO2
compounds experience the lithiation process differently in sharp, concave, and convex re-
gions. These peculiar morphological regions are preferential sites for Li transport and result
in extreme stresses at such locations. These Li-content gradients along with the concentra-
tion level governed the severity of DIS, which are typically proportional to the particle size,
being greater in the largest particle examined. DIS are, to some extent, of fluctuating nature
in all particles studied as the material lithiates, showing a heterogeneous Li composition field
and particle size and morphology dependence.
The results of this study indicate that a major factor contributing to the stress state in
the individual LixCoO2 compounds is the phase transformation that the crystal structure
undergoes after half lithiation. Results demonstrate that the phase transformation promoted
dramatic changes in the stress that evolve in the electrode particle. It is shown that the
proposed approach for the structure and composition sensitive stress-strain relation also
captures localized mismatch strains in the material when transitioning to the hexagonal
coexistence region. The degree of Li transported into the preferential sites of the cathode
particle is considerably affected by faster discharge conditions, and subsequently, a more
non-uniform concentration field evolves.
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CHAPTER 3
CRYSTALLOGRAPHIC-ORIENTATION DEPENDENCE OF THE CHEMO-ELASTIC
RESPONSE OF RECONSTRUCTED LixCoO2 CATHODE PARTICLES
The inhomogeneous anisotropic chemo-mechanical behavior of an individual reconstructed
3.6-µm-medium LixCoO2 particle is scrutinized here. The linear stress-strain response of the
cathode material is studied throughout the practical isothermal lithiation process (0.50 < x <
0.94) under the 1C galvanostatic condition. The present study is an extension of the previous
3-D microscale numerical investigation discussed in Chapter 2. This work is directed to dis-
criminate the crystallographic-grain-orientation dependence of the electrode Li-composition-
field and mechanical behavior in a fully anisotropic chemo-elastic field. Extreme high-peaks
of DIS are obtained in the models studied, indicating proneness to particle fracture. The
anisotropic chemo-elastic field induces the formation of bands of Li-composition, chemical
strains, and high-peak stresses, and such occurrences are determined to be irrespective of the
particle morphology. Results suggest that extreme-stress bands are phase-transformation in-
duced, being closely related to bands of chemical-misfit strains developed in the Li0.75CoO2
material. The nature of these chemo-mechanical bands are found to be subjected to the
grain crystal orientation.
3.1 Grain Orientation Contribution in LixCoO2 Cathode Particles
As discussed in the preceding chapters, the layered LixCoO2 cathode material exhibits
a strong and peculiar anisotropic behavior as the electrode lithiates/delithiates. Because
of this, the electro-chemo-mechanical properties of the cathode structure depend strongly
on the orientation of the grain [6]. The crystallographic orientation of LixCoO2 particles
promotes a diffusion path network that has been related to the mechanical degradation of
the electrode [6]. This anisotropy, as well as the development of a series of phase transfor-
mations throughout the material practical composition (0.50 < x < 1.00) have been exper-
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imentally observed [5]. Nevertheless, limited research work has been oriented to the study
of: a) anisotropic chemical [48], b) anisotropic chemo-mechanical [6, 82], or c) anisotropic
mechanical [80] response of LixCoO2 particulates considering the grain-orientation contri-
bution. Generally speaking, the scarce research on anisotropy and the grain-orientation
dependence of DIS and Li-composition-field extends to the LIB electrode-material classifica-
tion. A number of studies have experimentally demarcated the influence of the alignment of
the Li-diffusion plane orientation on the electrochemical properties of LixCoO2 cathode ma-
terial [83, 84]. For instance, favorable diffusion-intercalation pathways have been reported in
the literature [84].29 Qu et al. [80] experimentally quantified some mechanical properties of
polycrystalline LiCoO2 cathode particles as a function of grain orientation. Chung et al. [6]
showed that the hydrostatic stress depends on the crystallographic orientation in LixCoO2
particles. In their work [6] compressive stresses are generated when the LixCoO2 grain is
oriented between 80◦ and 90◦ with respect to the surface layer established as the reference
plane. As the grain is rotated toward 0◦, the hydrostatic stress became tensile in nature.
The contribution of the active-electrode crystallographic orientation toward the elec-
trolyte solution can be critical in understanding the inhomogeneity level of the concentration
field. The severity of local stresses that evolve as the Li intercalates/deintercalates into/out
of the host matrix responds to the characteristics of the Li-content field. The correlation
of the Li-composition-inhomogeneity and extreme DIS during lithitation was established in
Section 2.5.4 (Phase I). In this study (Phase II), the contribution of the crystallographic-
orientation-dependency of the Li-flux path on the a) Li-composition field and b) correlated
stress-strain response of a single reconstructed 3.6-µm LixCoO2 particle was delineated at
1C discharge condition. In this chapter, the previously proposed anisotropic mechanical ap-
proach is fused with the incorporation of an anisotropic diffusion tensor. Thus, an isothermal
3-D chemo-mechanical numerical investigation is carried out in an anisotropic medium and
inhomogeneous chemical field.
29The statement of favorable diffusion pathways implies the occurrence of a relatively fast Li flux into the
electrode material lattice plane orientation.
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3.2 Mathematical Approach
As an extension of the work presented in Chapter 2, the elastic behavior of the medium-
size reconstructed LixCoO2 particle, P2, is closely coupled with the transient anisotropic
Li-content field developed within the cathode morphology. The concentration profile was
updated to simulate the solute migration at a given discharge state. A volume-equivalent
idealistic particle, Ps−2, was investigated in parallel to discriminate against any possible
induced morphology-effect. Table 3.1 includes the model details of the particles studied in
Chapter 3.
The coupled electrochemical and mechanical simulation discretization, numerical ap-
proach, as well as the model boundary conditions of the LixCoO2 particles were previously
provided in Chapter 2. In the current chapter, however, the active- cathode particle is consid-
ered to be completely anisotropic from the chemo-elastic perspective.30 In a similar approach
to that provided in the previous chapter, the Li diffusion is taken as driven completely by





with the cathode-to-electrolyte boundary condition (Eq. (3.2))
σ∇φ · n = ṡe, Dij∇C,j · n,i =
ṡe
F
and at the cathode-to-cathode particle contact
σ∇φ · n = i, Dij∇C,j · n,i = 0.




where Dij and Cijkl are subjected to the imposed grain crystallographic orientation.
30A preliminary study carried out in this investigation suggested that the anisotropic electrical conductivity
has no noticeable effect on the Li-composition-field distribution. Thus, this parameter was no longer
considered a key parameter throughout the study presented here.
31The fully diffusion-stress coupling in the LixCoO2 cathode particle is investigated and presented in Chapter
4.
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Table 3.1: Medium particle geometric and mesh characteristics and current densities at 1C.
Particle Volume Surface Area Size FE Nodes i at 1C
(µm3) (µm2) (µm) (A m−2)
P2 16.50 37.10 3.6 106,506 7.92
Ps−2 16.50 30.98 1.6 46,377 7.92
3.2.1 Rotation of the Active LixCoO2 Grain
As established in Chapter 2 (Phase I), the anisotropic medium 3.6-µm LixCoO2 particle
consists of a single grain. Here, the alignment of the diffusing substance and the electrode
mechanical properties depend on a selected case scenarios of plane rotations. The elastic
stiffness values and the anisotropic diffusivity reported in [6, 50] are, subsequently, sub-
jected to the imposed local coordinate systems. Both the diffusivity and elastic constants
of the cathode material are taken as concentration independent throughout the intercala-
tion process and are, therefore, only subjected to the varying crystallographic orientation.
Such parameters correspond to the hexagonal crystal structure of the material, as given
in Table 2.2.32
The Li intercalation into the LIB cathode depends strongly on the crystallographic ori-
entation of the monocrystal or multiple-grain structures. This is taken into consideration
in the current investigation (Chapter 3) by implementing the Auld approach [85] for the
generation of the elastic-stiffness transformation for a single LixCoO2 grain. Auld’s stiffness
approach uses a six-by-six matrix to compute the rotated elastic constants as
C ′ = K C KT (3.1)







32Rotation with respect to the tensor of the coefficient of chemical expansion, βij , is imposed directly in the
mechanical modeling of the respective rotated-grain case scenario.
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K1 =
















 T22T33 + T23T32 T23T31 + T21T33 T21T32 + T22T31T32T13 + T33T12 T33T11 + T31T13 T31T12 + T32T11
T12T23 + T13T22 T13T21 + T11T23 T11T22 + T12T21

where the Tij are the components of typical transformation matrix, T . This is
T =
 nx′x nx′y nx′zny′x ny′y ny′z
nz′x nz′y nz′z

Based upon Eq.(3.1), the transformation matrices for rotation about the x- and y-axes, Kx




1 0 0 0 0 0
0 cos2 θ sin2 θ 2 sin θ cos θ 0 0
0 sin2 θ cos2 θ −2 sin θ cos θ 0 0
0 − sin θ cos θ sin θ cos θ cos2 θ − sin2 θ 0 0
0 0 0 0 cos θ − sin θ




cos2 θ 0 sin2 θ 0 2 sin θ cos θ 0
0 1 0 0 0 0
sin2 θ 0 cos2 θ 0 −2 sin θ cos θ 0
0 0 0 cos θ 0 − sin θ
− cos θ sin θ 0 cos θ sin θ cos θ cos2 θ − sin2 θ 0
0 0 0 sin θ 0 cos θ

where θ is the angle of rotation. The sequence of variant grain-orientation models are named
in a logic fashion based on a lattice constant- and θ-order with respect to the x, y, z axes.34
The monocrystalline LixCoO2 particle models are
33Note that rotation with reference to the z axis will yield identical Li-composition field with respect to the
non-rotated model.










Figure 3.1: Grain orientations in a medium reconstructed LixCoO2 particle: a) non-rotated
grain (aac− 0 model); b) 90◦ rotated grain with reference to the y axis (caa-90 model); and
c) 90◦ rotated grain with reference to the x axis (aca− 90 model). Attached patch denotes
the electrode-to-electrode contact which is always tangent to the c lattice constant.
• aac−0 model (non-rotated grain): The active grain has the c lattice parameter aligned
with the global- reference-system z axis (cathode-surface reference), as depicted in Fig-
ure 3.1a. The analysis of this model is accompanied by a preliminary investigation of
the morphological contribution in the stress-strain response of the material using a
volume equivalent idealistic particle (Ps−2).
• caa − 90 model: The c- and a lattice parameters of the grain are rotated 90◦ with
respect to the b lattice parameter, the latter is aligned with the y axis while the former
two are in alignment with the x- and z axis, in that order, as shown in Figure 3.1b.35
In a similar fashion, three sub-models were generated based on the caa rotation, so
that 0 < θ < 90◦ about the y axis
– caa− 60 model: The c and a lattice parameters of the grain are rotated 60◦.
– caa− 45 model: The c and a lattice parameters of the grain are rotated 45◦.
– caa− 15 model: The c and a lattice parameters of the grain are rotated 15◦.
• aca−90 model: The c and b lattice parameters of the active grain are rotated 90◦ with
reference to the a lattice constant, the latter is aligned with the x axis while the former
two are aligned with the y- and z axis, respectively. This is illustrated in Figure 3.1c.
35The study refers to the b lattice parameter for distinction purposes only. Note that hexagonal structure is
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Figure 3.2: Modeling process flowchart of research sequence of the 3-D microscale mechanical
response analysis of a 3.6-µm-LixCoO2 particle (Phase II).
The research sequence of this section (Phase II) is illustrated in Figure 3.2. Detailed
information of the parameter input of the principal rotated-grain models (aac− 0, caa− 90,
and aca− 90) are provided in Table 3.2.
When the active grain is rotated with respect to the y axis between 0◦ < θ < 90◦ (caa
submodels), the shear − extension coupling and shear − shear − coupling terms in the
stiffness matrix appear. The former relates the normal strain response to applied shear
stress while the latter term represent the response of shear strain to applied shear stresses
in another plane [86]. For a case example, the resulting rotated-elastic-stiffness matrix, C ′,
as well as the rotated-diffusivity matrix, D′, of the caa-60 model are given below. Note
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Table 3.2: Parameters used in the chemo-elastic simulations for the principal aac−0, aca−90,
and caa− 90 crystallographic orientations in medium LixCoO2 grains (Phase II).
Parameter aac− 0 model aca− 90 model caa− 90 model
Elastic stiffness [GPa]
C11 596.0 596 375
C12 200.0 133 133
C13 133.0 200 C12
C22 C11 375 596
C23 C13 C12 200
C33 375.0 C11 C22
C44 124.0 124 0.5 (C22-C23)
C55 C44 0.5 (C11-C13) 124
C66 0.5 (C11-C12) C44 C55
Li Diffusivity [m2s−1]
D11 1× 10−13 1× 10−13 1× 10−15
D22 1× 10−13 1× 10−15 1× 10−13
D33 1× 10−13 1× 10−13 1× 10−13
that non-zero values of the elastic C15, C25, C35, and C46 and the off-diagonal D13 term
are obtained. This could infer a combined normal/shear coupled stress-strain response that
develops in the host material. It is important to notice that shear stress/strain influences
the principal stress state but not necessarily the failure mode.
C ′caa−60[GPa] =

391.06 149.75 172.19 0 −25.22 0
149.75 596.00 183.25 0 −29.01 0
172.19 183.25 501.56 0 −70.47 0
0 0 0 179.5 0 −32.04
−25.22 −29.01 −70.47 0 163.19 0




 7.5× 10−14 0 4.29× 10−140 1× 10−13 0
4.29× 10−14 0 2.58× 10−14

Variations of the normal- and shear-coupling terms as functions of θ are plotted in Fig-
ure 3.3.
3.3 Results and Discussion
All simulations are based on galvanostatic conditions for the 1C-case discharge scenario.
Preliminary studies are directed to discriminate morphology-induced patterns in the lithiated





































Figure 3.3: Variations of stiffness matrix entries C11, C33, C15, C25, C35, and C46 for a
LixCoO2 grain rotated with respect to the y axis as a function of θ.
chemo-elastic field unless otherwise indicated (for Phase I - Phase II result comparison pur-
poses). Subsequently, the investigation on the effect of the grain crystallographic orientation
on the chemo-elastic field of the cathode particle was elucidated based on six case grain-
orientation scenarios in the reconstructed particle.
3.3.1 Particle Morphology and the Anisotropic Chemo-elastic-field Relation
In this preliminary analysis, the stress-strain response of the 3.6-µm-medium-size P2
particle is compared to a volume-equivalent spherical particle, Ps−2 , at the discharge state
of the hexagonal phase transformation (t = 2065 s). This was to capture extreme stresses
as previous results presented in Chapter 2 indicated.
Both particles are simulated under the non-rotated active grain, aac-0 model (i.e., the
x and y axes are in alignment with the a lattice parameters and the z axis is aligned with
the c lattice parameter of the hexagonal structure). In Figure 3.4 is depicted a peculiar





















Figure 3.4: Maximum principal stresses at LixCoO2 phase transformation under 1C discharge
(t = 2065 s) in a) Ps−2 and b) P2 with corresponding concentration gradients of c) Ps−2 and
d) P2. Note shaded areas in contours reflect the elastically undeformed particle.
The z axis is tangent to the slowest diffusivity that occurs in the c axis (D33 = 1 × 10−15
m2 s−1 for the aac − 0 model). As previously shown in Figure 2.5, it could be anticipated
the particle will be subjected to a chemical-contraction strain that is nearly 0.7% along
the c lattice parameter at x ≈ 0.75 while negligible expansion will develop along the a
lattice constants. The Ps−2 particle elastically contracts approximately 16.6% (0.52 µm)
perpendicular to the z axis. This is as a result of the mechanical strains that rise upon a
more accentuated inhomogeneous Li-concentration field and higher concentration gradients
when a fully anisotropic chemo-elastic medium is imposed. This distinct mechanical behavior
is not observed in the idealistic particle, Ps−1, introduced in Chapter 2 (which is under an
isotropic chemical field). To the knowledge of the author, such mechanical response has not
been reported previously in the literature.
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In a similar fashion, peak-stress bands are formed perpendicular to the c-lattice-constant
direction (z axis) in both particles studied, Ps−2 and P2. Hence, the nature of such bands
of extreme DIS are not considered to be induced by the particle morphology. Moreover, in
Ps−2, concentration-gradient bands are also noticeably aligned with the bands of DIS and
compression stress regions develop in the outer surface of the sphere. Detailed discussion
of peak-stress bands are provided in Section 3.3.3. Based on the results reported for P2
in Figure 2.11 (Phase I), where the elastic field of the particle is anisotropic but is set
with an isotropic chemical field, the concentration gradients resulting in a fully anisotropic
chemo-elastic field are of one order of magnitude higher (107 kmol m−4).
3.3.2 Grain-orientation-dependent Chemo-mechanical Response
The maximum principal stresses and the level of concentration, ∆x, of the model cases
studied here are given in Figure 3.5 for the aac − 0, aca − 90, caa − 90, and aac-0-Iso
grain models. The latter model incorporates the results from the corresponding previous P2
particle presented in Chapter 2 for a preliminary study. This model is anisotropic elastically
but set as isotropic in the chemical field.
The previous Phase-I aac−0-Iso model shows the less heterogeneous solute composition,
∆x = 0.02, in comparison to all the particle models subjected to a fully anisotropic field.
The ∆x of aac − 0 is relatively variant: 0.04 < ∆x < 0.07, having a more non-uniform Li-
composition field with respect to aca−90 and caa−90. These 90◦-rotated grain models show a
∆x = 0.03 throughout the intercalation. However, no correlation could be drawn based solely
on the level of Li-content and the resulting maximum principal stresses registered within
P2. Extreme peaks of stresses are captured at the H2-to-H1+H2 phase transition discharge
(t = 2065 s) in all simulations. These phase-transition-assisted stresses are accentuated when
the grain is fully rotated with respect to the y axis (caa − 90), with stresses on the order
of 893.6 MPa. The peaks of DIS during the phase transformation are followed by the fully
anisotropic aac − 0 (652.7 MPa), the aca − 90 (603.5 MPa), and the chemically isotropic

































Figure 3.5: a) Level of intercalated Li fraction and b) maximum principal stress within P2
cathode particle with varying crystal orientation under 1C discharge.
intercalation stage at the early- and end of the lithiation state.
At t = 1675 s, a discharge state that is preceding the midway discharge (t = 1850 s),
the non-rotated aac− 0 model shows an abrupt rise in stresses of up to 304.2 MPa. Further
examination indicated that the particle model experiences locally an early H2-to-H1+H2
phase-transition (i.e., Li0.75CoO2) that induces peak chemical-misfit strains, this is shown
in Figure 3.6a-c. Large chemical strains on the order of 8,000 microstrains confine a region
wherein the strains are 25% lower. This misfit-strain region is the result of an area enclosed by
a region that is contracting to a greater degree. Note that this region does not coincide with
the imposed electrode-to-electrode contact and, therefore, this chemical boundary condition
has not evident contribution on the rise of these chemical-misfit strains. This suggests that
the phase transformation is key in the development of misfit strains that yield extreme DIS.
In a similar fashion, it is noticed that all models experience an early H2-to-H1+H2 phase










































Figure 3.6: Localized chemo-mechanical fields within P2 at t = 1675 s during a 1C discharge:
a) maximum principal stress; b) local Li fraction, x; and c) equivalent diffusion strain.
faster discharge rates will enhance more radically the occurrence of severe stresses.
A graphic illustration of the crystallographic-orientation effects on the DIS and the con-
centration field in the single LixCoO2 grain when 0 < θ ≤ 90 with reference to the y axis
is given in Figure 3.7. Results reveal that there is a subtle difference in the resulting ∆x
among those grain models. A relatively higher ∆x ≈ 0.04 is shown by the caa− 60 model;
a similar behavior is depicted for the resulting maximum principal stresses. The stresses in
this model (caa−60) resulted one order of magnitude higher throughout lithiation preceding
the midway of the discharge process (t < 1850 s) and successive to the phase transforma-
tion (t < 2065 s), comparing to all the remaining five-case-scenario examined (i.e. aac − 0,
aca − 90, caa − 90, caa − 45, and caa − 15-based). Further examination revealed that the
caa − 60 grain model develops shear stresses throughout the discharge process that can






























Figure 3.7: a) Level of intercalated Li fraction and b) maximum principal stress within P2
cathode particle with varying rotated grain with respect to the y axis under 1C discharge.
of shear-extension and shear-shear coupling terms in the induced stiffness, as discussed in
Section 3.2.1. Although the effect of shear stresses on the particle mechanical behavior are
not explicitly reported in this study, the influence of those stresses appear in the maximum
principal stresses provided in Figure 3.5 and Figure 3.7. The other caa submodels, caa− 45
and caa− 15, describe an analogous chemo-elastic behavior.
Peak stresses are on the order of 618.2 MPa, 637.8 MPa, and 521.8 MPa for caa − 60,
caa − 45, and caa − 15, in that order, during the H2-to-H2+H1 phase transition. Among
all grain models studied in Phase II, the caa − 90 and the caa − 60 models represent the
worst-case scenarios with respect to i) higher localized peak stresses and ii) accumulated


















Figure 3.8: Superficial Li-composition field of cathode particle midway of the 1C discharge
(t = 1850 s) in a fully anisotropic chemo-elastic field (unless otherwise indicated): a) aac−0-
Iso, isotropic chemical field/anisotropic elastic field; b) aac− 0; c) aca− 90; and d) caa− 90.
3.3.2.1 Correlation of the Composition-and Chemical-strain Field Distribution
The Li-concentration distributions of the different diffusion-path networks in the varying-
directional particle grain are discerned in Figure 3.8. It is observed that, unlike LixCoO2
particles simulated within an isotropic chemical field, the anisotropic diffusion defines a
peculiar Li-composition field distributed in a clustered fashion. The particle surface of all
models under anisotropic diffusion displays an array of low-to-high concentration in the form
of bands, depending on the grain orientation about the diffusing Li. This is further depicted
in Appendix D, Figure D.1 for the particle interior. This cluster-like behavior is found quite
dissimilar to that illustrated in Figure 2.15c, where the less saturated regions in P2, under the
same discharge and boundary conditions, are found concentrically distributed. The resulting
superficial contour plots of the equivalent chemical strains, provided in Figure 3.9, show the
strain distribution resembles that of the inhomogeneous field given in Figure 3.8. Depending
on the particle grain orientation, the chemical strain field describes a particular strain array
in all simulations under the anisotropic chemo-elastic conditions. Unlike the corresponding
Phase-I case, the LixCoO2 particle experiences a more drastic localized contraction along
the particle size. This is discussed in the subsequent sections.
Figure 3.10 and Figure 3.11 show the evolution of the Li-content field and equivalent
chemical strains, in that order, for the 0 < θ ≤ 90◦-rotated-grain models about the y axis.
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Figure 3.9: Equivalent chemical strains of cathode particle midway of the 1C discharge
(t = 1850 s) in a fully anisotropic chemo-elastic field (unless otherwise indicated): a) aac−0-













Figure 3.10: Li-composition field midway of the 1C discharge (t = 1850 s) of the LixCoO2
grain rotated with reference to the y axis: a) θ = 90◦; b) θ = 60◦; c) θ = 45◦; d) θ = 15◦;
and e) θ = 0◦. Shaded areas reflect the elastically undeformed cathode particle.
The caa − 45 and caa − 15 particle models show a closely similar chemical behavior with
a different mechanical response, as depicted by the shaded gray area. Note that in Fig-
ure 3.8d, Figure 3.9d, Figure 3.10a,c,d; and Figure 3.10a,c,d the grain particle reflects a
peculiar field distribution around the electrode-to-electrode boundary condition. Also, the














Figure 3.11: Equivalent chemical/chemical strains midway of the 1C discharge (t = 1850 s)
of the LixCoO2 grain rotated with reference to the y axis: a) θ = 90
◦; b) θ = 60◦; c) θ = 45◦;
d) θ = 15◦; and e) θ = 0◦. Shaded areas reflect the elastically undeformed cathode particle.
ure 3.11b) that can be related to the accumulated high DIS reported in Figure 3.7.
3.3.3 Contribution of H2-to-H2+H1 Phase Transformation in LixCoO2 Particles
upon the Anisotropic Chemo-elastic Field
The chemo-mechanical response during the of the H2-to-H2+H1 phase transformation of
the grain subjected to the three principal varying crystal orientations: aac−0, caa−90, and
aca−90, is depicted in Figure 3.12, Figure 3.13, and Figure 3.14, respectively. At this state
of charge (corresponding to t = 2065 s), clustered extreme stresses develop in these grain
models, as reported in Figure 3.5. These peak stresses are arranged in the form of double
bands surrounding the mid-section of the particle size at a given crystal orientation.
In the case of the non-rotated particle, aac−0 (Figure 3.12), bands of stresses were larger
than 140 MPa with a band spacing, s, on the order of 1.40-1.50 µm. Such ensemble of DIS
and phase-transitioned solute composition are captured in the perpendicular direction to





































Figure 3.12: Chemo-elastic response of non-rotated LixCoO2 grain (aac − 0 model) during
the Li0.75CoO2 phase transformation under 1C discharge (t = 2065 s): Maximum principal
stresses in the a) isometric local coordinate view, b) yz-plane view, and c) respective stress
bands; corresponding Li-content field in the d) isometric local coordinate view, e) yz-plane
view, and f) extracted phase-transition bands (i.e., where Li0.75CoO2 develops).
stresses with the highest peak are encountered when rotating the active grain 90◦ with respect
to the y axis (caa− 90); resulting DIS are larger than 160 MPa, as Figure 3.13c illustrates.
These phase-transitioned-induced bands, with 1.25 µm ≤ s ≤ 1.40 µm, are captured normal
to the x axis/rotated c lattice parameter where Dxx << Dyy = Dzz. Note that the difference
with respect to the transversally isotropic diffusivity in the cathode material is of two orders
of magnitude, as reported in Table 3.2. Nevertheless, double bands of finite concentration
rise throughout the entire anisotropic intercalation process in all grain-crystal-orientation




































Figure 3.13: Chemo-elastic response of 90◦-rotated LixCoO2 grain with respect to the y axis
(caa−90 model) during the Li0.75CoO2 phase transformation under 1C discharge (t = 2065 s):
maximum principal stresses in the a) isometric local coordinate view, b) xy-plane view, and
c) respective stress bands; corresponding Li-content field in the d) isometric local coordinate
view, e) xy-plane view, and f) extracted phase-transition bands.
the discharge process. Although the content of Li in the particles is under-stoichiometric
during practical lithiation, the maximum concentration found (x = 0.96) is ≈ 2% above the
saturated solute content established (x = 0.94) in the present simulations, see Figure 3.15d.
This chemical response is found common among all models investigated.
A more drastic elastic deformation occurs when the grain is rotated 90◦ with respect to
the x axis (aca − 90), illustrated in Figure 3.12. The cathode particle noticeably elongates
tangentially to the phase-transitioned-induced bands, a similar behavior described by the
idealistic sphere in Figure 3.4. Bands of stresses are larger than 140 MPa with s on the





































Figure 3.14: Chemo-elastic response of 90◦-rotated LixCoO2 grain with respect to the x axis
(aca−90 model) during the Li0.75CoO2 phase transformation under 1C discharge (t = 2065 s):
maximum principal stresses in the a) isometric local coordinate view, b) yz-plane view, and
c) respective DIS peaks; corresponding Li-content field in the d) isometric local coordinate
view, e) yz-plane view, and f) extracted phase-transition bands.
It is found that the distribution order of the bands of Li composition, chemical-strain,
and stress is consistent as well as the spacing between analogous bands to some extent.
The distribution of these resulting chemo-elastic bands is believed to be the product of
the strong anisotropic Li diffusion. Findings suggest that the most deleterious mechanical
response of the particles depends on the H2-to-H2+H1 -phase-transition-induced stresses
that develop in Li-concentration bands consisting of the Li0.75CoO2 material. Note that in
all simulations, in the cathode-to-cathode contact position, refer to Figure 2.6, the imposed
boundary condition current coincide with the c lattice constant of the monocrystal. Hence,





























Figure 3.15: Chemo-elastic response of 90◦-rotated LixCoO2 grain with respect to the y axis
(caa − 90 model) under 1C discharge: maximum principal stresses at a) the onset of the
discharge process (t = 225 s) and b) end of the discharge (t = 3600 s); and Li-composition






Figure 3.16: Internal pathways imposed in the cathode particle along the global coordinates:
a) z axis, b) y axis, and c) x axis.
3.3.3.1 Origin of the Bands of Extreme DIS: A Theory based on a Quantitative
Approach.
In this sub-section, the effect of the crystal orientation on the chemo-mechanical response
































Figure 3.17: a) Li composition and b) maximum principal stresses during the Li0.75CoO2
phase transformation under 1C discharge (t = 2065 s) along an arbitrary z-axis pathway.
transformation (t = 2065 s). For this, three internal paths perpendicular to each other,
illustrated by the orange arrow in Figure 3.16, where imposed in the particle geometry.
These pathways allow tracing changes in the solute composition and DIS during the H2-to-
H2+H1 phase transition.
Linearized data along the z axis:
In the data presented in Figure 3.17, with results corresponding to the pathway indicated
in Figure 3.16a, it is observed that the aca − 90 and caa − 90 models show little-to-no Li-
composition variation along the z axis. The corresponding DIS are tensile and relatively
steady in nature and the material experience no phase transformation; more specifically: a)
x ≈ 0.74 and 0 ≤ DIS ≤ 23.7 MPa for aca − 90 and b) x ≈ 0.74 and 0 ≤ DIS ≤ 50.3 MPa
for caa − 90. In both of these grain models, the particle grain is rotated 90◦ with respect
to either the x axis or to the y axis. A different chemo-mechanical response is shown by






































Figure 3.18: a) Li composition and b) maximum principal stresses during the Li0.75CoO2
phase transformation under 1C discharge (t = 2065 s) along an arbitrary y-axis pathway.
the z axis. This axis represents the slowest diffusivity direction in the crystal structure,
subsequently, the linearized composition varies from 0.74 ≤ x ≤ 0.78. An extreme peak of
tensile stress on the order of 118.0 MPa is observed at z = 2.63 µm preceded by a peak
of compressive stress of -14.0 MPa that developed when x ≈ 0.75. A less dominant tensile
stress peak of 27.9 MPa is also encountered at the phase-transition path length (pathway)
with a correlated compressive-stress peak of -27.0 MPa (at the 0.97 µm path in z).
Linearized data along the y axis:
The results for the Li concentration and induced stresses along the y-pathway (indicated
in Figure 3.16b) are provided in Figure 3.18. The non-rotated grain model, aac− 0, and the
90◦-rotated grain with respect to the y axis, caa− 90, displayed a steady composition distri-
bution of x ≈ 0.74 along the length examined. Consequently, the corresponding distribution
of DIS along the path in y is nearly invariant: i) −0.7 ≤ DIS ≤ 8.2 MPa for aac− 0 and ii)






























0.15 0.65 1.15 1.65 2.15 2.65 3.15
Path in x (μm)
a)
b)
Figure 3.19: a) Li composition and b) maximum principal stresses during the Li0.75CoO2
phase transformation under 1C discharge (t = 2065 s) along an arbitrary x-axis pathway.
alignment with the y axis, this is the case of the aca − 90 grain which shows two extreme
and dominant peaks of DIS on the order of 225.7 MPa (y= 0.69 µm) which has the highest
successive compressive stress (-5.0 MPa) and 278.6 MPa (y=2.46 µm). Both peaks of tensile
stresses are captured in the phase-transitioned Li0.75CoO2 material.
Linearized data along the x axis:
In Figure 3.19 a high peak of tensile stress on the order of 205.0 MPa is shown at the
length x of 0.98 µm when x ≈ 0.75 in the caa − 90 grain. The concave-like distribution
of the corresponding normalized Li-content varied from approximately 0.74 to 0.78. The
second most dominant stress of 84.8 MPa rise at the length x = 2.67µm with a preceding
compressive stress of -17.6 MPa. The alignment of the c lattice parameter in the caa−0 model
coincides tangentially with the x axis (captured by the path in x shown in Figure 3.16c).
Similar to the two cases presented in Figure 3.17 and Figure 3.18, the aac − 0, and the
aca−90, had a non-variant composition distribution of x ≈ 0.74 or slightly higher (no phase
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transformation encountered) and, subsequent invariant stresses are distributed along the x
path: i) −0.73 ≤ DIS ≤ 5.6 MPa for aac− 0 and ii) 0.0 ≤ DIS ≤ 13.8 MPa for the aca− 90.
The c lattice parameter in the former two models is perpendicular to the pathway examined
(along the x axis) whereas this lattice constant aligns with the pathway in the caa − 90
model.
In all cases examined, two peaks of DIS are encountered per diffusion-path model, di-
rectly related to the double band of stresses qualitatively examined in Figure 3.12a-c to Fig-
ure 3.14a-c. Findings suggest that bands of peak stresses are H2-to-H2+H1 phase-transition
induced (i.e., as Li0.75CoO2 develops at t = 2065 s under the 1C discharge). The double
stress-bands consisted of extreme DIS developed normal to the diffusivity path wherein the
Li atoms diffuse at, to some extent, a more sluggish pace. This is prescribed by the longest
lattice constant of the hexagonal structure. Although double bands per Li-composition de-
gree are encountered throughout the complete intercalation process, those form in a similar
fashion with respect to the stress bands (i.e., aligned normal to the c axis). The development
of the bands of phase-transformation-induced stresses is the result of dramatical changes in
the chemical-misfit strains. It can, therefore, be anticipated that the hydrostatic stress re-
sponse, which is later shown in Appendix D, Figure D.2, will be somewhat analogous to
that of the maximum principal stresses reported here. This agrees with the work of Chung
et al. [6] wherein it is shown that the hydrostatic stress for the LixCoO2 material depends
on the crystallographic orientation. Although this present study does not fully couple the
mechanical contribution to the diffusion relation, the stress-band pattern could be an ex-
tension for future studies wherein the effect of the hydrostatic stress gradients is fully taken
into account.
3.4 Conclusions
With the implementation of a 3-D microscale numerical approach, the anisotropic chemo-
elastic behavior of an individual reconstructed LixCoO2 electrode particle is captured un-
der directional-varying single crystal lithiation conditions. The imposed anisotropic chemo-
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elastic field: a) results in one order of magnitude higher in concentration gradients within
the particle as compared to the isotropic Li composition field and b) induces the generation
of multiple double-bands of Li-composition and chemical strains, and a single double-band
of high phase-transition-induced stresses. The latter item is believed to be the co-product
of the strong anisotropy of the diffusivity tensor in the cathode material. It is determined
that such chemo-elastic band occurrences are irrespective of the particle morphology and
are rather related to the sluggish fashion wherein Li atoms diffuse along the c axis of the
crystal. The peculiar ensemble of DIS occurs uniquely during the hexagonal phase transi-
tion whereas the chemo-related field bands develop throughout the discharge process. The
inhomogeneous mechanical behavior, which shows atypical superficial tensile-compressive
stress distributions, is correlated to severe high-peaks of phase-transition-induced stresses
indicating a greater elastic deformation in the particle and proneness to fracture. The most
detrimental scenario in terms of stress-strain state is obtained when the particle grain is
rotated with respect to the y global-coordinate axis (from cathode surface): i) 90◦ angle,
resulting in abrupt stress-strain changes during the phase transition and ii) 60◦ angle, where
accumulated high-stress is retained throughout the discharge process.
Related results can highly vary based on the chemo-elastic boundary conditions, material-
property parameters used in correlation to the particle morphology and particle size. How-
ever, present findings indicate that bands of severe DIS a) develop in a fully anisotropic
chemo-elastic field and b) are closely related to bands of chemical-misfit strains that are en-
countered during the phase transformation in Li0.75CoO2. The orientation of these chemo-
mechanical bands are found to be dependent on the grain crystallographic orientation under
the classical Fickian diffusion. The present results demonstrate that the contribution of the
crystallographic orientation of the cathode toward the electrolyte solution can be of critical




CORRELATED CONCENTRATION-DEPENDENT CHEMO-ELASTIC RESPONSE IN
IDEALISTIC LixCoO2 CATHODE PARTICLES: AN ANALYTICAL AND NUMERICAL
STUDY.
In this chapter, the effect of the concentration-dependent chemical-expansion coefficient,
β, on the chemo-elastic field of LixCoO2 cathode material is elucidated. To accomplish this,
an isotropic linear-elastic 1-D mathematical model is used to scrutinize the Li-diffusion and
solid mechanics of an idealistic particle subjected to potentiostatic-discharge- and charge
conditions. In this investigation, it is determined that β can be a key parameter in demar-
cating the chemo-stress-strain state of the LixCoO2 material undergoing non-linear volumet-
ric strains. Such strains develop in the hexagonal-to-monoclinic-phase region of LixCoO2
(0.37 ≤ x ≤ 0.55) and, subsequently, the corresponding β is a linear function of concentra-
tion whereas in previous studies β has been constant. Results show that the composition-
generated chemo-elastic field that is based on a linear-β concept dramatically affects both
the interdiffusion and the mechanical behavior of the LIB electrode. It is found that the
material response in terms of stress-induced diffusion (SID) and diffusion-induced stresses
(DIS) are highly affected when a linear β is imposed, with a greater effect on the former
(SID). Because the chemo-elastic phenomena emanate in a reciprocal fashion, the resulting
linear β-based hydrostatic-stress gradients significantly aid the diffusion of Li in LixCoO2.
Thus, diffusion is accelerated in either electrochemical process that the cathode material
undergoes.
4.1 Coupled Stress-diffusion Model
The phenomena of DIS and correlated SID have been investigated based on the thermo-
dynamics of stressed solids; more specifically, under the delineation of a modified chemical-
potential concept. In the classical Fickian diffusion, which has been typically used in
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electrochemistry-related studies of LIB electrodes, the contribution of the elastic energy
induced by the diffusing substance is neglected. The composition gradients that emerge in-
side the particle can be affected by the stress generated within the particle and such an effect
cannot be captured by the classical Fickian relation. In the absence of an external stress
field, elastic self-stresses, which arise from the non-uniform solute-composition distribution,
influence the flux-mechanical equilibrium.36 Larché and Cahn [60] have demonstrated this
for solid-fluid interfaces unexposed to applied stresses wherein surface effects are negligible.
The traditional Fick’s law limits to account for the configurational entropy and the invari-
ant reference potential (i.e., solute flux is considered to be solely driven by concentration
gradients). Moreover, no formulation has been proposed to scrutinize the contribution of
the concentration-dependent partial molar volume, Ω, or equivalently, chemical-expansion
coefficient, β (β = Ω/3), in the mechanical behavior of elastic electrode crystals.
In the published literature, a vast number of studies oriented to the LIB-electrode me-
chanical response upon the hydrostatic-stress-gradient contribution [6–8, 10, 11, 42, 46, 47,
52, 77] have implemented the modified chemical-potential relation wherein β is constant.
With the exception of the works of Chung et al. [6] and Lim et al. [42], which were oriented to
LixCoO2 cathode particles, in the majority of these investigations [7, 8, 10, 11, 46, 47, 52, 77],
the cathode-based material was LixMn2O4, wherein the constant-β assumption could be ap-
propriate based on the measured data presented in [13]. Nevertheless, a number of cathode
materials, such as LixCoO2 [5], Li1+xFe1−xPO4 [87] and LixNiO2 [28], exhibit non-linear vol-
umetric changes upon variant Li-composition.37 The value of Ω has been established as a
key parameter influencing the diffusion of Li and stress-strain state in the LixMn2O4 mate-
rial [52, 72]. At present, however, research work addressing how a composition-dependent β
36As discussed in the previous chapters, fast solute diffusivity and idealistic particle morphology can yield
uniform composition fields for which the conventional Fick’s law could be appropriate.
37Crystal volumetric variations in some of other LIB electrode materials such as LixM1/6Mn2O4 derivative
cathodes (M = Cr, Co, and Ni) and Li-alloy anodes appear to experience linear volume changes with Li
content [15, 88].
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(or Ω) affects the chemo-mechanical field of LIB electrodes is not found in the literature.38
In this investigation (corresponding to Phase III), a 1-D isotropic linear-elastic mathe-
matical approach was developed to elucidate the effects of a linear concentration-dependent
chemical-expansion-coefficient, β, on the DIS and correlated SID of LixCoO2 particles. Based
on the experimental data provided by Reimers and Dahn [5], the use of a linear β (βL), is
more adequate during the non-linear volumetric contraction/expansion in the hexagonal-to-
monoclinic (H2-to-M1) phase transition in the LixCoO2 crystal structure (0.37 ≤ x ≤ 0.55),
see Figure 2.5. The Li diffusion and mechanics in the active-electrode material during in-
tercalation and de-intercalation is carried out using an idealized spherical particle. The
formulation presented here incorporates a composition-variant diffusivity to consider the ef-
fect of the lithiation/delithiation state on Li mobility. The electrode-electrolyte interaction is
modeled through a boundary condition on the particle surface that describes the Li concen-
tration in terms of electrochemical discharge-and charge potentiostatic conditions (constant
potential control).
In the present study, the elastic constants of the cathode material are considered to be
constant throughout the lithiation process for practical purposes.39 The microscale-numerical
solutions provided in this work are principally oriented to the LixCoO2 cathode-material re-
sponse to potentiostatic discharge and charge conditions. However, the present approach
and solution formulations can be applied to on-going-research in LIB electrodes undergoing
non-linear crystal volume changes during battery operation. Although the examined com-
positional range may be not representative of the practical compositional LixCoO2 material
in commercial batteries (0.50 ≤ x ≤ 1.00), an improved understanding of the nature of
emerging coupled SID-DIS is desirable in the development of this LIB cathode material and
potential derivatives.
38Neither β nor equivalently Ω has been reported to address coexistent crystal-structure phases. This can
be of significance in the LixCoO2 material.
39As discussed in Section 1.6.2.2, the elastic moduli of a number of LIB-electrode materials have been
established as composition-dependent and have been incorporated directly into a non-classical Fickian
relation as isotropic-based parameters. Presently, no data, however, have been made readily available for
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Figure 4.1: Mathematical model flowchart of research sequence of the 1-D microscale elasto-
chemical response analysis of an idealistic LixCoO2 particle (Phase III).
Extensions of the principles proposed in the current work include applications in the
thermal sciences to delineate the contribution of temperature-dependent thermal-expansion
coefficients in the thermo-mechanical field. The principal purpose of this work is to deter-
mine whether the chemo-mechanical coupling has a significant effect on the discharge (and
to some extent charge) of LixCoO2 structure when non-linear volumetric strains develop.
The research schematic of the investigation addressed in this chapter (Phase III) is given
in Figure 4.1.
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4.1.1 Diffusion with Concentration-dependent Chemical Expansion Coefficient
The general case where β (or equivalently Ω) is a function of the solute concentration,
C, across an entire concentration range is examined here. The partial molar volume, Ω,
where Ω = 3β, is determined from the change in the crystal volume, V , with respect to




where V0 is the reference volume and ∆C = C2 − C1. For cases wherein the volume change
is linear with respect to composition, β (or Ω) is related to the (constant) slope of the linear





= a∆C2 + b∆C
then
Ω(C) = a∆C + b
or in terms of the coefficient of chemical expansion








This is given in further detail in Appendix E. In the mathematical model presented here,
the non-classical chemical potential, µ, [60] is implemented as






where Cmax represents the maximum stoichiometric concentration. Here, β is allowed to
be composition-dependent, β = β(C). Equation (4.2) is Eq.(1.20) and Eq.(1.24) when the
elastic constants are invariant throughout lithiation (or delithiation), and it is Eq.(1.21)
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when g = 0.40 C itself depends on the spatial variable, x; so, in taking derivatives of β(C)































where R is the gas constant, T is the absolute temperature, and M is the solute mobility
in the active solid particle. The latter parameter, which defines the solute diffusivity, is
influenced to some degree by the concentration level in LixCoO2 [89]. Experimental data [75,
76, 90, 91] on the Li diffusivity, D, in the LixCoO2 cathode material have indicated that
M is a compositional-variant parameter. The Li-diffusivity value in LixCoO2 fluctuates
throughout the LIB charge/discharge, as reported in some of these studies [90, 91]. Other
experimental works [75, 76], however, have suggested that the D value gradually descends
with x in LixCoO2 and/or rapidly descends in cases wherein x > 0.50. In any case, measures
indicate M in the LixCoO2 electrode material varies upon Li content. In order to take into
account the effects of lithiation/delithiation degree on the diffusion driven process in the
cathode particle, the approach of Bohn et al. [57] and Purkayastha and McMeeking [52] is
implemented as previously expressed in Eq.(1.22). Under the assumption that M decreases


















where D0 = M0RT and M0 can be taken as the equivalent mobility at x = 0.37 (for the
discharge-condition case), as the dilute concentration level. Subsequently, the diffusion of
the chemical species is computed from
40The g parameter has been inferred as an ionic-diffusivity variant [57]. Note that in the solid LixCoO2
cathode material, atomic diffusivity occurs. For all other solid-electrode materials (e.g., Li1+xFe1−xPO4),




+∇ · J = 0;
where time, t, defines the transient nature of Li flux in the host matrix. When M = M0 and
constant, Eq.(1.22) is invoked. Then
− 1
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(∇C) · (∇σh), (4.4)
where α = 3/(RT ). Note that the terms (Cmax − C)−1 and (Cmax − C)−2 are absent,
suggesting that the non-constant M can be implemented for composition-degree effects.
















This agrees with [52], Eq.(39b).41 For cases wherein a constant mobility, M = M0 is assumed


































(∇C) · (∇σh), (4.5)
which can be compared with Eq.(4.4). It is remarked that Eq.(4.5) does not reduce to the
linear diffusion equation when β = 0 and, in addition, there is a potential singular (non-
physical) behavior as C approaches Cmax.
4.1.2 Equilibrium and Constitutive Equations
The mechanical field is treated as quasi-static since the elastic wave speeds are far in ex-
cess of the diffusion. In the absence of body forces, the stresses, σij, are in static equilibrium,
∂σij
∂xj
= 0, i = 1, 2, 3. (4.6)
The stresses are related to the strains, εij, and the concentration, C, by a constitutive
relation. For an isotropic solid, the analogous thermoelastic generalization of Hooke’s law
[92] is used
σij = λεkkδij + 2Gεij − (3λ+ 2G)f(C)δij, (4.7)
where f(C) is a dimensionless function of C and G is the shear modulus.42 For a linear
relationship between the volume change and concentration, this is
f(C) = β∆C where ∆C = C − C0 (4.8)
and C0 is the reference concentration at zero strain. In terms of a quadratic relationship
between the volume change and concentration this is expressed as
f(C) = ξ∆C2 + η∆C (4.9)
or in terms of a linear β
42For thermoelasticity f(T ) = α∆T , where α is the coefficient of thermal expansion.
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f(C) = β(C)∆C, β(C) = ξ∆C + η (4.10)
From Eq.(4.7), it is obtained











− (3λ+ 2G) ∂f
∂xi
.
Differentiating with respect to xi gives
0 = (λ+ 2G)∇2εkk − (3λ+ 2G)∇2f,
after contraction. But, from Eq.(4.11),
3∇2σh = (3λ+ 2G)∇2(εkk − 3f).
Hence, eliminating ∇2εkk results in
3(λ+ 2G)∇2σh + 4G(3λ+ 2G)∇2f = 0.




2f = 0. (4.12)
This relation, due to Yang [58] when f is a constant multiple of C, is used to simplify
Eq.(4.4) to some degree. It is also employed to simplify the solution for an idealized particle.
It is worth noting that Eq.(4.12) represents a constraint on the relationship between the
hydrostatic stress and the choice for f(C).
4.2 The Spherical Particle: Solving the Equilibrium Equations
Here, an example case for a spherical particle of radius rs with associated spherically
symmetric boundary conditions is taken. These boundary conditions are taken as σrr = 0
and C = Cs (a constant value) uniformly distributed at r = rs, where r is a spherical
polar coordinate. The constant maximum-concentration boundary condition represents an
potentiostatic state in a battery cathode. This constant-voltage boundary condition has
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been commonly used in the study of the stress-strain state of LIB electrode materials [68,
72, 81, 93, 94].
The whole problem involves a coupling between a non-linear diffusion-like equation and
a linear elasticity-like equation. In this section, the linear part of the problem (i.e., the
elastic field) is solved. The main objective is to obtain an explicit relation between the
hydrostatic stress, σh, and the concentration, C. Both of these quantities are functions of r
and t (only). In Section 4.2.1, a correlation with the corresponding thermoelastic problem
is established. An alternative method for finding σh is provided in Appendix F. The latter
approach resulted in a quicker method, however, the individual stress components are not
generated, which are later required.
4.2.1 Direct solution
In the spherical coordinates (r, θ, φ), the problem is a 1-D case in the radial coordinate,
r. The corresponding displacement components are [95]
ur = u(r), uθ = uφ = 0. (4.13)

















where f is a specified function of C; refer to Eq.(4.8). Note that, in this section, C and u
are denoted as functions of r only; the dependence on t plays no role. The homogeneous







− 2uH = 0.
This is an equidimensional equation with solution uH(r) = Ar + B/r
2, where A and B are
constants. For bounded displacements at the center of the sphere it is required that B = 0.









1− ν f. (4.15)









The full solution for the radial displacement is given as








The normal strains in the sphere can now be obtained from the strain-displacement relations













and the circumferential strain, εθθ, follows











The stresses can be computed using the generalized Hooke’s law, Eq.(4.7), in which





























Proceeding in a similar way, the stresses σθθ and σφφ are found,










1− ν . (4.17)
43Note that here, f = f(C) = f(C(ρ)).
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It remains to determine the constant A from the boundary conditions. The surface of the









































For the thermoelastic case with constant thermal-expansion coefficient, these equations agree
with those presented in Timoshenko [95]. Note that the individual stress components given
by Eqs.(4.18) and (4.19) contain two contributions (the two integrals appearing in the stress
equations): i) a contribution dependent on the position r where the stress is to be computed
and ii) a global contribution given by the integral over the entire volume of the spherical
particle. Additionally, the stresses given by Eq.(4.19) also contain a local contribution given
by the last term.





























(2ξ∆C + η) . (4.22)
4.3 The Spherical Particle: Tentative Scaling.













where γ is a dimensionless constant to be selected later and β̂ is a dimensionless function of






















β̂(1− 2Ĉ) + 2Ĉ(1− Ĉ) dβ̂
dĈ
}
(∇Ĉ) · (∇σ̂h), (4.24)




γR(Ĉ − Ĉ0)β̂(Ĉ) with Ĉ0 =
C0
Cmax




β̂(Ĉ) = ξ̂∆Ĉ + η̂. (4.26)
The quantity R is a dimensionless number. Numerical values in [52] for LixMn2O4 give


















(Ĉ − Ĉ0)β̂(Ĉ)ρ2 dρ− (Ĉ − Ĉ0)β̂(Ĉ)
}
. (4.28)





For LixCoO2, this is γ ' 150.
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4.3.1 Quadratic Volume Contraction/Expansion
As a specific example, the isotropic case of the spherical particle is considered where the








Substituting β̂ from Eq.(4.26) in Eq.(4.28) with the choice for γ given above is




































1− (1− Ĉ)(Î − (ξ̂∆Ĉ + η̂)∆Ĉ)Ĉξ̂
}
∇2Ĉ
−(1− Ĉ)Ĉ(ξ̂∆Ĉ + η̂)∇2σ̂h






(ξ̂∆Ĉ + η̂)(1− 2Ĉ) + 2Ĉ(1− Ĉ)ξ̂
}
(∇Ĉ) · (∇σ̂h), (4.32)






























































A1(Ĉ) = 1− (1− Ĉ)
[
Î − (ξ̂∆Ĉ + η̂)∆Ĉ
]
Ĉξ̂
+(1− Ĉ)Ĉ(ξ̂∆Ĉ + η̂)(2ξ̂∆Ĉ + η̂) (4.35)
A2(Ĉ) = −
[
Î − (ξ̂∆Ĉ + η̂)∆Ĉ
]
(1− 2Ĉ)ξ̂ + 2ξ̂(1− Ĉ)Ĉ(ξ̂∆Ĉ + η̂)
+
[
ξ̂∆Ĉ + η̂)(1− 2Ĉ) + 2Ĉ(1− Ĉ)ξ̂
]
(2ξ̂∆Ĉ + η̂) (4.36)
Note that when ξ̂ = η̂ = 0, A1 = 1, A2 = 0, and Eq.(4.34) reduces properly to the classical
Fickian diffusion equation (i.e., no mechanical contribution in the solute flux). The initial
condition is taken as, Ĉ(r̂, 0) = Ĉi, which is the initial concentration of Li in the particle
everywhere except on the surface of the sphere. The traction-free boundary condition on
the surface of the particle has already been satisfied; see Section 4.2.1, so the particle is free
to contract/expand. The potentiostatic boundary condition is imposed on the surface of
the particle, so that the Li content remains invariant on the surface, Ĉ(1, t̂) = Ĉs, which is
the maximum Li concentration examined in the case (i.e., for the LixCoO2 material) under
lithiation conditions.
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4.4 Finite Difference Formulation
For numerical computation, an explicit finite difference (FD) method for the diffusion




≈ Ĉi,j+1 − Ĉi,j
∆t̂
where ∆t̂ is the temporal discretization. Similarly, forward differences for the first-order
spatial derivatives are used,
∂Ĉ
∂r̂
≈ Ĉi+1,j − Ĉi,j
∆r̂
where ∆r̂ is the spatial discretization. Likewise, the second-order spatial derivative is ap-
proximated in the typical way
∂2Ĉ
∂r̂2
≈ Ĉi+1,j − 2Ĉi,j + Ĉi−1,j
∆r̂2
For the lithiation-condition simulation, the resultant FD domain is illustrated in Fig-










































where s = ∆t̂
∆r̂2
. A repeated trapezoidal rule to compute I is employed so the nodal values
needed for the concentration are at the same locations as are needed for the FD expressions.
In this case, noting that the integrand, I, equals zero at r̂ = 0,
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C (rs,t) = 0.55

















Figure 4.2: Schematic of the explicit FD discretization of dimensionless solute composition









∆ĈN,j(ξ̂∆ĈN,j + η̂) (4.38)
Finally, note that Eq.(4.34) can not be directly evaluated at r̂ = 0. Following [97], consider
a Maclaurin expansion for dĈ
dr̂
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dĈ
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The difference form for Eq.(4.39) is then
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Table 4.1: LixCoO2 (0.37 ≤ x ≤ 0.55) cathode model parameters used in the FD structural
analysis (Phase III).
Name Symbol Value Reference
Young’s modulus E 370.0 GPa Current study
Poisson’s ratio ν 0.20 Current study
Li stoichiometric concentration C100% 25.72 kmol m
−3 [44]
Gas constant R 8.314 J mol−1 K−1 -
Temperature T 293 K -
Linear chemical expansion coefficient β̂L −0.5417∆Ĉ + 2.2072 Current study
Constant chemical expansion coefficient β̂C 1.2101 Current study











(0, t̂) = 0, Ĉ−1,j = Ĉ1,j. Eq.(4.40) is expressed as
Ĉ0,j+1 = Ĉ1,j (6A1s) + Ĉ0,j (1− 6A1s)
The parameters implemented in the numerical simulation formulation are summarized in Ta-
ble 4.1
4.5 Computational Results
The intent of this investigation is to ascertain the importance of including variant chemical-
expansion coefficients in the analysis of the non-linear volumetric changes experience by LIB
cathodes during lithiation (or delithiation). As such, the important parameters to consider
are the values for both the linear and constant chemical-expansion coefficients, β̂. Equally
important is the inclusion of the β̂ = 0 case analysis; this is to demarcate the significance
of incorporating the mechanical contribution in the Fickian relation. In order to delineate
the nature of the coupled relation of SID and DIS, three case scenarios are considered: i)
fictitious parameters of the linear β̂ parameters (i.e., synthetic η and ξ values are used); ii)
no stress-assisted diffusion (classical Fick’s law); and iii) experimental β parameters for con-
tracting/expanding LixCoO2, based on published data [5]. The latter is to derive a constant
β̂C and the proposed concept of the linear β̂L case. The β̂L-based simulations are oriented
to the non-linear volumetric strain that the material undergoes in the 0.37 ≤ x ≤ 0.55 com-
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positional range. Here, it is discussed if the impact of a linear-concentration-dependent β̂
in the chemo-elastic response of the cathode material is significant. The derivation of the β̂
parameters, presented in Table 4.1, is given in Appendix E and corresponds to an isotropic
approximation for the electrode material studied.
4.5.1 The β Contribution on the Stress-induced Diffusion (SID)
The effect of variant and hypothetical linear-β̂ parameters on Li-saturation time, t̂s (sat-
uration at r̂ = 0.5), is depicted in Figure 4.3.44 As ξ̂ increases in positive values, with a
fixed η̂ = 1.0, t̂s declines dramatically.
45 As shown in Figure 4.3a, t̂s deviates up to a 21%
increment (ξ̂ = −4) or 45% decrement (ξ̂ = 10) from the constant-β̂C assumption under the
presented hypothetical case scenarios, depending on the nature of the non-linear volumetric
strain.
In Figure 4.3b, a concave-like response is described by the η̂ parameter, at a fixed value
of ξ̂ = 1.0, suggesting that as η̂ ≈ 0 it takes more time for maximum lithiation to occur.
However, the varying η̂ indicates that pronounced rises or decays in the volumetric-change
versus composition will conduct faster saturation in the material. Results demonstrate that
the diffusion of Li is highly sensitive to minute changes in the definition of the nature of β;
this preliminary assessment agrees with the work presented in [52, 72], where a strong effect
of a constant Ω on Li concentration (and stress-strain profile) in the LixMn2O4 material is
elucidated upon various Ω-case scenarios. Findings show that the chemo-elastic response of
the material is strongly β-dependent.
4.5.2 The β Influence on the Chemo-elastic Response
From this section on (in this chapter), the parameter values used for the β̂C and β̂L
cases are found in Table 4.1. Note that the ξ̂ and η̂ parameters presented correspond to the
volumetric strain of LixCoO2 in the compositional range selected.
44For practical purposes, the saturation time is considered to be the time needed to lithiate the cathode
particle until it reaches the maximum concentration of the compositional range studied (i.e., Li0.55CoO2).











































Figure 4.3: Influence of hypothetical parameters of a linear β̂ on saturation time, t̂s, within
the LixCoO2 cathode particle (0.37 ≤ x ≤ 0.55) at r̂ = 0.5: a) ξ̂ effect at fixed η̂ = 1.0 and
b) η̂ effect at fixed ξ̂ = 1.0 during potentiostatic discharge conditions.
Defining the coupled dependence of the relation of SID and DIS is rather complex due
to the reciprocate contribution of the stress-strain state and the Li-composition in chemo-
elastic behavior of the electrode particle. This is because each chemo-elastic parameter
controls the degree of influence that the hydrostatic-stress gradient has on Li migration and
vice-versa. Figure 4.4a shows that both lithiation and delithiation are accelerated under a
linear chemical-expansion coefficient, β̂L, followed by the constant β̂C-based concentration
and the stress-independent Li-diffusion (β̂ = 0 case), in that order. This indicates that the
hydrostatic-stress gradients, ∇σh, that develop in the particle assist either electrochemical
process in the cathode material. For instance, at t̂ = 0.1, the concentration of Li that
results from the mechanical contribution with a linear β̂L, is nearly 6% higher with respect
to contributions accounting for the β̂C effect, and up to 11% greater when no mechanical
influence is taken into account under the β̂ = 0 case (i.e., based on the classical Fickian











































Figure 4.4: Influence of the β̂ parameter at r̂ = 0.5 for normalized values on the a) Li
diffusion and b) hydrostatic stress during discharge- and charge potentiostatic conditions
(0.37 ≤ x ≤ 0.55).
accentuated during the first 1/5th of the lithiation process (t̂ = 0.2).46 It is found that
the concentration gradients, ∇C, in coupled cases are lesser in value with respect to those
corresponding to the uncoupled model. This suggests that stress generated upon ∇C results
in a driving force by which the migration of Li into/out the inner layers of the particle is
promoted during both intercalation and de-intercalation. Hence, stress-coupling aids the
diffusion phenomena significantly.
According to Figure 4.4b, the hydrostatic stress difference between β̂L and β̂C is on the
order of 46%. Note that σ̂h in the decoupled flux case scenario has been defined based on
the β̂L concept and, subsequently, the peaks of hydrostatic stresses in the linear-β̂L case
and the stress-independent flux case are of equal magnitude, see Eq.(4.28). However, the
corresponding response of β̂L and β̂C simulations the do not coincide along t̂; the σ̂h peaks
46Maximum discharge (at Ĉ = 0.55) or charge (at Ĉ = 0.37) is reached at r̂ = 0.5.
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are found at t̂ = 0.02 for the β̂L (and β̂C) and at t̂ = 0.03 for the β̂ = 0 case, respectively. At
t̂ = 0.5, σ̂h is on the order of 0.03 for both the linear- and zero-β̂ cases under the lithiation
process and σ̂h = −0.05 under the delithiation condition. In both electrochemical processes,
this is σ̂h = 0.00 under the constant-β̂C assumption. The latter infers the σrr = σθθ relation
is reached midway of the Li intercalation or de-intercalation when the volumetric strain of
the material varies linearly with composition. Note this is later shown in Section 4.5.2.1; it
is important to notice that the particle is not under steady-state conditions at t̂ = 0.5.
During both the discharge and charge of the cathode, the Li diffusion occurs at a more
sluggish fashion under the β̂ = 0 case scenario which leads to a more non-uniform composition
field. This is because the mechanical contribution in the flux relation is absent and, therefore,
unaffected concentration gradients become dominant. As a consequence, mechanical strains
rise in a more heterogeneous fashion and prevail in time throughout the remainder of the
intercalation (internal tensile σ̂h) and de-intercalation (internal compressive σ̂h) processes. It
can be established that the degree at which the linear-concentration-dependent β affects the
SIS is much greater than the influence this chemical parameter has on the assisted diffusion,
DIS.
4.5.2.1 The β Influence on Coupled the Diffusion-induced Stresses (DIS) and
Stress-induced Diffusion (SID)
The analysis presented in this section is intended to discern the linear versus constant
composition-relation effect of the chemical-expansion coefficient. For this, both electrochem-
ical processes are simulated and results are summarized in Figure 4.5 and Figure 4.6 for the
intercalation- and deintercalation condition, respectively. In Figure 4.5a-d it is observed that
the Li-concentration profile under the β̂C-lithiation assumption is relatively steady through
t̂, comparing to the β̂L case, particularly at r̂ ≈ 0.0. In Figure 4.5e-h it is evident that
during the intercalation process, σ̂h on the surface of the particle (which equals to σθθ) be-
comes compressive in nature whereas in the center of the sphere, tensile stresses rise. This
is due to the contraction that the LixCoO2 cathode material undergoes during the discharge
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process. Similar Li-diffusion and stress response was obtained for the delithiation process
simulations, see Figure 4.6a-h, where compressive σ̂h rises on the surface whereas the inside
of the particle remains in tension. It is found that, in a correlation fashion, both β̂L and β̂C
influence ∇σ̂h and ∇Ĉ. Hence, the β parameter constitutes a key parameter in defining the
degree of a) the driving forces in the diffusion of Li and b) the stress-strain response of the
particle.
In Figure 4.5a/e and Figure 4.6a/e shows that during the onset of the electrochemical
intercalation and de-intercalation (t̂ = 0.125), the inner layers of the particle experience no
diffusion and the stress is uniformly distributed, as it could be anticipated. The correlation
of SID and DIS at this state is then established; this is ∇Ĉ ≈ 0 and ∇σ̂h ≈ 0; the latter is
particularly more pronounced under the β̂C concept as the condition extents through time
(t̂ = 0.25). Figure 4.5 and Figure 4.6 demonstrate that the stress evolution always facilitates
the diffusion of Li into/out the interior of the LixCoO2 cathode material. More explicitly,
this suggests the absolute value in the right-hand side of Eq.(4.24) prevails, i.e.: i) ∇σ̂h < 0
and ∇Ĉ > 0 during intercalation and ii) ∇σ̂h > 0 and ∇Ĉ < 0 during intercalation. The
reciprocate effects of the resulting chemo-elastic parameter gradients, ∇σ̂h and ∇Ĉ, are
greater than that of the hydrostatic stress, σ̂h, alone.
4.5.2.2 Linear-β -dependency of Maximum Principal Stresses
Figure 4.7 to Figure 4.10 show that the maximum principal stress during lithiation
is typically dominant when β̂ = β̂L throughout the discharge process with respect to the
constant-β̂C case although this is not the case with reference to the no-coupling scenario
(β̂ = 0) in all instances. In all β̂L-case simulations, the radial stresses are more tensile in
the inner layers of the particle as the radius approaches r̂ = 0, showing a more abrupt stress
decay that is not captured by the constant-β or the β̂ = 0 conjecture. Such difference is
more noticeable at the onset of the lithiation process (t̂ = 0.125). During the first quarter of
the lithiation at t̂ = 0.125 (see Figure 4.7a), the constant-β̂C and the uncoupled-model cases
show a more steady radial-stress response across the particle size.
106
















0 0.2 0.4 0.6 0.8 1
t=0.375ˆ
























a) b) c) d)




Figure 4.5: Evolution of the Li concentration profile across the LixCoO2 particle radius (a-
d) and hydrostatic stress (e-f) under discharge potentiostatic conditions (0.37 ≤ x ≤ 0.55).
Note that no steady state is reached by the reported t̂.
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Figure 4.6: Evolution of the Li concentration profile across the LixCoO2 particle radius (a-d)
and hydrostatic stress (e-f) under charge potentiostatic conditions (0.55 ≥ x ≥ 0.37). Note
that no steady state is reached by the reported t̂.
Tangential stresses are generally of more compressive nature on the surface of the sphere
particle under the stress-decoupling implementation (β̂ = 0) throughout the discharge pro-
cess, as illustrated in Figure 4.7b to Figure 4.10b. For instance, at t̂ = 0.5, the difference



































Figure 4.7: Individual stress components in the cathode particle upon potentiostatic dis-
charge control: a) tangential stress and b) radial stress at t̂ = 0.125 for the linear-β̂L,

































Figure 4.8: Individual stress components in the cathode particle upon potentiostatic dis-
charge control: a) tangential stress and b) radial stress at t̂ = 0.25 for the linear-β̂L,

































Figure 4.9: Individual stress components in the cathode particle upon potentiostatic dis-
charge control: a) tangential stress and b) radial stress at t̂ = 0.375 for the linear-β̂L,



































Figure 4.10: Individual stress components in the cathode particle upon potentiostatic dis-
charge control: a) tangential stress and b) radial stress at t̂ = 0.5 for the linear-β̂L, constant-
β̂C , and no stress coupling (β̂ = 0) case scenarios.
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on the order of 39% (-0.16 and -0.06 for the β̂ = 0- and β̂L cases, respectively). Such different
response is due to the highest concentration gradients that are driven by the uncoupled difu-
sion model (purely Fickian simulation), as diffusion is not stress-assisted. Thus, the no SID
case infers that the compressive stresses are more sensitive to changes in the concentration
field due to Li-composition heterogeneity on the particle surface. This is more noticeably as
the lithiation process progresses wherein the center of the particle becomes 49% more tensile
when β̂ = 0 (σ̂θθ = 0.25), compared to the coupled SID cases, β̂L and β̂C-based (σ̂θθ = 0.10
). The opposite can be anticipated for the reverse delithiation condition since the particle
surface will consist of tensile tangential stresses on the electrode-electrolyte interface. Based
on the results presented in Chapter 2 and 4, it can be established that the maximum princi-
pal stresses reported in those investigations represent a more deleterious and over-predicted
case scenarios for the material examined.
4.6 Conclusions
The purpose of this work is to provide an insight on the role of the composition-dependent
chemical-coefficient expansion in the chemo-elastic response of the LixCoO2 cathode material.
A new formulation for the stress-induced diffusion (SID) and diffusion-induced stresses (DIS)
that emerge during electrochemical processes is developed and simulated in this study. This
is based on a modified non-local Fickian relation using an idealistic spherical particle under
potentiostatic control.
Findings show that the reciprocate relation of SID and DIS is highly sensitive to the
chemical-coefficient expansion β. The linear βL case study results in a 11% higher diffu-
sion of Li with respect to the stress-decoupling case (β = 0) and 6% respecting the typical
constant chemical-expansion coefficient, βC . Likewise, at the of the lithiation condition, the
radial stresses as diffusion progresses yield a difference of 39% more compressive stresses
(on the particle surface) and 49% more tensile stresses (in the particle core), between the
β = 0- and βC case, predicting more deleterious stresses for the stress-decoupling case. This
is due to the faster diffusion that is induced by the linear-βL case, which in turn results
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in less inhomogeneous concentration fields. It was evidenced that mechanical contribution
in diffusion-stress-coupling relation has a greater effect on the chemical field (i.e., the influ-
ence of the linear βL on the SID becomes dominant) than in the elastic field (in terms of
hydrostatic stresses). It is found that the internal hydrostatic-stress gradients significantly
enhance diffusion during Li intercalation/de-intercalation under the linear-βL formulation
in the LixCoO2 material. This suggests that i) the stress decoupling in the Fickian-based
relation could mis-predict the chemo- stress-strain response of the LIB electrode and ii)
the linear-βL concept constitutes a key parameter in demarcating the chemo-elastic coupled
phenomena.
It was determined that the effect of a linear-βL, which is Li-content-dependent, is not of
a negligible nature. The linearity described by this chemical parameter under the conditions
examined facilitates in a greater fashion the diffusion of Li during its insertion and extraction.
As a comparison to scenarios wherein this parameter is defined as a constant (βC), the
emanating internal compressive hydrostatic stresses (or internal tensile stresses under de-
intercalation) that can develop upon the relation of SID and DIS are 46% higher under the
linear-βL concept. From the mechanical perspective, the integrity of the cathode material can
be compromised during the non-linear volumetric changes that the LixCoO2 cathode material




In this investigation, an in-depth understanding of the chemo-elastic response of LIB
LixCoO2 cathode material has been established with the particular orientation to the elec-
trode isotropic- and anisotropic structural behavior. In order to further contribute to con-
tinuing the research process directed to LixCoO2 and potential derivatives, the chemical-
correlated mechanical integrity can be examined under a number of additional case scenarios.
It is significant, however, that such scenarios are not reported in the present published litera-
ture. This section leaves to explore further improvements and extensions of the present work
from the microscale and mesoscale view. The former includes: a) implementations under
non-examined conditions both numerically and analytically and b) the incorporation of the
mechanical degradation mechanics and thermal effects in the material stress generation. It is
intended that the the ideas discussed in this chapter can serve to further discern the material
chemo-elastic behavior from the overall mechanical-integrity perspective for cathode design
and safer and reliable functionality.
5.1 Microscale Investigation: Limitations, Improvements, and Work Exten-
sions.
A number of work improvements and extensions can be made based on the Phase I-to-
Phase III findings as well as the current research limitations. These limitations were intrinsic
to: i) software capabilities in the structural-diffusion coupled field for direct automating pro-
cesses and ii) availability of measured data of elastic constants of the phase-variant material
throughout its operational composition range (0.50 < x < 1.00). The former includes the
practical implementation of the hydrostatic-stress gradient into the CFD model to account
for the stress-induced diffusion (SID) in the flux relation. Automating the CFD-FEA inter-
active process is ideal and highly suggested. However, the feasibility of such implementation
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to report back realistic stress-affected Li-composition (and thermal) fields at every time step
requires examining if the development of a largely complex coupled model is adequate.47 It
is important to note that developing a more simplistic FE numerical model for the stress-
strain-state analysis based upon Li-concentration fields that are generated in the same FE
model environment (using the thermal analogy) is a feasible task. Instantly, this could be
directly modeled under potentiostatic and purely Fickian conditions.
5.1.1 Numerical Investigation: Boundary and Initial Conditions.
Earlier FE work on stress in the reconstructed particles is confined to the cases of dis-
charge conditions, as presented in Chapter 2 and 3, respectively. Because of the peculiar
structural behavior of the LixCoO2 material, wherein the crystal contracts with the Li in-
tercalated, the DIS that generate on the cathode surface upon the solute de-intercalation
(charge conditions) can be highly tensile in nature. Hence, it is anticipated that delithia-
tion conditions are key to delineate more deleterious case scenarios in actual morphologies
in terms of cathode fracture and subsequent SEI film growth and decomposition. This is
of great concern due to the pronesses to fragmentation that ceramic materials have under
tension, which can yield to microcrack formation on the particle surface when peaks of ten-
sile stresses develop. Diffusion-induced stresses (DIS) can be significant when the chemical
misfit-strains (reported in Chapter 2 and 3) rise under anisotropic expansion conditions
and/or the grain orientation favor a more inhomogeneous Li diffusion and, therefore, the
development of extreme DIS.
Simulations of Li de-intercalation can be undertaken and the resulting stress predicted
based on pre-strained particles (from discharge conditions) as a continuous operation inves-
tigation. This could contribute to discern the effect of accumulated cycling (and possible
fatigue behavior) and residual stresses of the material.
A more exhaustive study is needed to understand the coupling effect at the electrode
interface (i.e., with respect to the current collector, symmetry boundary, electrolyte, epoxy
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Figure 5.1: Cathode particle interface electrical- and chemical flux relations. Adapted from
Wiedemann et al. [44].
non-active electrode material, and to some extent, turtuosity). To understand the signifi-
cance of the co-interaction in the diffusion-stress phenomena, the contribution of the electro-
chemo-elastic boundary conditions on the mechanical behavior of the electrode particles (and
vice-versa) can be demarcated for comparison purposes. For this, the computation can be
initiated with a fixated homogeneous Li content (i.e., galvanostatic operation) wherein four
additional boundary-condition cases are examined, as illustrated in Figure 5.1:
1. Various electrode-to-electrode contact surfaces are added,48
2. Cathode-to-symmetry-boundary interface,
3. Current-collector is imposed at a relatively flat section of the particle surface, and
4. Cathode particle subjected to external mechanical loads and/or full constraint due to
surrounding epoxy layer.
Note that items (1) to (3) can be integrated in a single model for further simulations
wherein the influence of the crystallographic orientation of each individual particle can be
studied, as presented in Chapter 3. Items (2) and (3) involve, as implied, a fixed mechanical
48Note that only one cathode-to-cathode contact was established in Phases I and II, respectively.
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constraint on the selected surface of the particle and, evidently ui = 0. Note that in these two
cases chemical-misfit strains are also constrained and further examination is needed. These
boundary conditions would allow anticipating the field co-interactions and mechanical failure
mechanisms. This delineation will also provide with meanings to investigate the influence of
surface stresses in the electrode during operation.
From the electrochemical perspective, actual discharge and/or charge conditions can be
introduced in the simulations in an alternating fashion. This is to avoid the limitations
of simulations under purely galvanostatic (constant current) and potentiostatic (constant
voltage) operations. In this way, more practical operational conditions can be mimicked and
modeled in the cathode particles, particularly under continuous cycling studies.
5.1.2 Concentration-dependent Chemo-elastic Parameters: Analytical and Nu-
merical Formulation.
In Chapter 4, the effects of a linear concentration dependent chemical-expansion-coefficient,
β, on the chemo-elastic response of the lithiated and delithiated cathode material were quan-
tified. At present, there are no readily available measured or calculated data relating the
Li-content dependency of the hexagonal/monoclinic elastic constants of the LixCoO2 mate-
rial (or the co-existence hexagonal phases). Nevertheless, a composition-dependent elastic
moduli can be of significant contribution in the emerging SID and DIS, as it has been estab-
lished in Chapter 4 for the Li-content-variant β. The material response during lithiation and
delithiation is not necessarily the same and both the Li-composition and stress evolution need
to be examined under such conditions. This requires the introduction of a non-traditional
chemical potential, µ. For a concentration-variant Young’s modulus, E, wherein the Poisson
ratio, ν, is considered constant through battery operation, the Larche-Cahn-based relation
in [60] invoked in Eq.(1.24) can be used,














where µ0 is an invariant reference potential, R is the universal gas constant, T is the tem-
perature, C is the solute concentration, and σh is the hydrostatic stress. The last term in
the right side of Eq.(5.1) accounts for the concentration dependent elastic modulus.49
5.1.3 Three-dimensional (3-D) Linear Elastic Strain Approach: Chemical- and
Thermal-induced Stresses.
Thermal strains can be of great effect on the cathode mechanical behavior under unde-
sirable operational scenarios such as thermal runways. To demarcate the correlated effect of
diffusion- and phase-transformation- induced stresses as well as thermal stresses, the linear
elastic strain relations given in Eqs.(1.11) and (1.9) are modified for the traction-free (i.e.,
ti = σijnj = 0 on the surface) material. This will allow to incorporate the coupled thermal
contribution in the study of the resulting chemo-elastic-thermal response. The isotropic for-





[(1 + ν)σij − νσkkδij] + βδij∆C + αδij∆T, (5.2)
where εTij is the total strain in the particle, δij is the Kronecker delta, and α is the thermal-
expansion coefficient. For the anisotropic relation, this is expressed as









ij are the diffusion- and thermal strain
tensors, respectively. Eq.(5.3) infers the use of an anisotropic α tensor which can be found
in [50] for the hexagonal LixCoO2 cathode. A volumetric strain function of temperature,
however, can also be examined for a more representative α coefficient provided the data
of the composition-dependent α is known. It is important to consider that the pseudo
phase-transformation diagrams reported by Reimers and Dahn [5] are highly subjected to
temperature, as previously depicted in Figure 2.5.
49An anisotropic chemical-potential relation was also re-formulated by Larche and Cahn [60].
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Under the current version of ANSYS Mechanical Workbench v.15.0., the formulation
can be implemented/coded in the structural-diffusion 10-node element coupled field.50 This
coupled-element type also supports the structural-diffusion-thermal field where both the
temperature and concentration fields are directly extracted from the ANSYS Fluent v.15.0
simulations as external files. The information in these data files will be imposed as the
boundary conditions.51
5.1.4 Mechanical Degradation Investigation
An investigation plan on the mechanics of fracture of the LixCoO2 material under the
linear elastic fracture mechanics (LEFM) concept and classical Fickian relation can be made
as an extension of this work. This is to evaluate the mechanical- and chemical-strain contri-
butions on the elastic stress field at the crack front of a pre-cracked uncycled particle. As
observed by Wilson et al. [35], uncycled cathode samples of the Lishen LR18650AH cells
that were used for the particulate reconstruction exhibited microcracks. Fracture mechan-
ics strategies can provide results that can be utilized for the mitigation of LIB mechanical
degradation of the LixCoO2 cathode material and prevent the SEI growth and decomposition.
5.1.4.1 FEA Example of a 3-D Pre-cracked Single LixCoO2 Particle
By means of the computation of the resulting stress intensity factors (SIFs), it is feasible
to predict crack growth and failure of the cathode compound upon the discharge/charge
conditions examined. A suggested work scheme is given in Figure 5.2 wherein a single 3-
µm crack-like flaw is assumed to pre-exist at the surface of a strain-free medium LixCoO2
particle prior to initial lithiation/delithiation (assuming there is no existing damage).52 A
semi-circular (or elliptical) crack can be introduced in the surface of the 3-D reconstructed
cathode particle P2, introduced in Chapter 3, as the nucleation site. It is important to notice
50Ansys, Inc., Canonsburg, PA; http://www.ansys.com
51It is suggested that the FE solution be reported as a solution combination so that the merged thermal,
mechanical, and diffusion strain effects are taken into account for the numerical approximation of the
maximum principal stresses and/or hydrostatic stresses.
52Continuous numerical cycling case studies, which are complex and might encounter software limitations,
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Figure 5.2: 3-D Modeling process flowchart of a micro-scale fracture mechanics analysis of a
pre-cracked single LixCoO2 particle under Fickian conditions.
that hexahedral elements can attain the 1/
√
r singular stress field (i.e., infinite stress at the
crack front in the LEFM approach), where r is the distance from the crack front for which
it would require coupled-field hexahedral elements.
In this example, progressive crack studies could assist to demarcate critical crack sizes
and shapes under non-homogeneous discharge/charge operations. ANSYS Mechanical
Workbench v.15.0 allows examining the fracture mechanics parameters in a pre-meshed crack
iteratively (i.e., in terms of flaw size, shape, and orientation). A preliminary objective
could be oriented to predict crack-growth orientation from the resulting SIFs as well as to
discern the case scenarios that can potentially lead to particle fracture. The effect of the
material phase-transformation misfit strains on these SIFs can be determined and quantified
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in terms of opening aid of the surface flaws. This example is under the assumption that
the intercalation/de-intercalation process produces an overall tensile tangential stress field
in the particle outer layers (on morphological features that are preferred for Li to migrate,
as demonstrated in Chapter 2), where flaws are likely to nucleate. Finally, the role of the
particle crystallographic orientation, as presented in Chapter 3, can be examined in terms
of crack extension and/or arrest.
5.2 Mesoscale Numerical Studies
The size of a single particle of the LixCoO2 cathode material is considerably smaller than
that of the entire cathode, therefore, computing a mechanical-response numerical model
for the whole electrode domain results in a non-feasible task. A meso-scale study of a
realistic cell section sample of the cathode structure can be investigated using: i) the FE
approach developed in this work, Chapters 2 and 3, with the boundary conditions presented
in Section 5.1.1 and ii) a representative volume element (RVE) concept. The former requires
special care in the cell-section CAD solid generations and FE meshing. The latter allows
homogenization of the mechanical parameters by subjecting the material to pure mechanical
loading. The related contributions of DIS can be neglected. Item (ii) is further addressed in
the following section.
5.2.1 Meso-scale Strategy for Modeling LixCoO2 Cathode Material
A 3-D reconstructed cathode network, as that generated from STL format and depicted
in Figure 2.2, as can be a representative volume element (RVE) of the reconstructed assembly.
Such sample is treated statistically for a meso-scale investigation. A purely mechanical-based
FE structural analysis can be carried out to determine an adequate RVE size compared with
known upper and lower bounds on the elastic constants. This will allow computing the
homogenized material properties of the cathode sample, in terms of elastic constants.
The ergodicity assumption can be considered. That is, the RVE cell contains all of the
statistically significant aspects of the microstructure and, therefore, deforms in a repetitive
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fashion (i.e., global periodicity of the microstructure). Such an RVE contains an averaged
behavior of the cathode microstructure, and these effective elastic constants, by definition,
relate volume averages of stress and strain to each other. The homogenization technique
requires determining these effective elastic constants by applying specific boundary condi-
tions to the volume element. Thus, the quantitative effect of the porosity of the cathode
and the established mechanical boundary conditions will be computed for the modeling of
the mechanical deformation of the layered cathode. The objective of the homogenization
technique is to integrate microstructural information of the LixCoO2 particle so that it can





Comprehensive understanding and prediction of the mechanical behavior of Li-ion battery
(LIB) electrodes is practically important to meet at-present high demands of safe power-
dense portable energy systems. Diffusion-induced stresses (DIS) have been associated to
the correlated contribution of extreme and/or accrued mechanical, thermal, and chemical
strains. These strains rise non-uniformly in the active particles even under normal battery
functioning. Excessive DIS can result in particle fracture, degrading the LIB performance.
The electrode material proneness to fragmentation results from locally high DIS that assist
microcrack nucleation and growth. The disjunction of fragmented particles further promotes
the solid electrolyte interface (SEI) breakdown, growth and decomposition.
As Li intercalates/de-intecalates into/out the LixCoO2 cathode, the crystal structure
undergoes a series of phase transformations as well as significant volumetric strains and
highly-anisotropic lattice-constant changes in a peculiar fashion. These alterations can detri-
mentally affect the diffusion of Li and the stress-strain state reciprocally. In the investigation
presented here, a microscale numerical and analytical approach was developed for the study
of the isothermal chemo-elastic response of actual and idealistic particles with particular
orientation to stress generation under lithiation.
A 3-D FE approach was formulated to scrutinize the contribution of volume-and lat-
tice parameter variations, diffusion and phase-transformation induced-stresses, and material
anisotropy in the reconstructed LixCoO2 (0.50 < x < 1.00) particle mechanical behavior.
In addition, the influence of particle morphology and size, discharge rate, Li-composition
inhomogeneity, and material crystallographic orientation was elucidated. Although the sim-
ulation results are to some extent quantitative, findings need to be understood from the
qualitative-behavior perspective.
121
This work was integrated with a fundamental analytical investigation to quantify the
effects of a linear concentration dependent chemical-expansion-coefficient, β, and the re-
ciprocate relation of stress-induced diffusion (SID) and DIS. This study was oriented to
non-linear volumetric strains that rise in the the 0.37 < x < 0.55 compositional frame of
the LixCoO2 cathode material. A subsequent 1-D FD simulation was developed and imple-
mented in an idealistic morphology so that the mutual chemo-elastic response of the cathode
material subjected to lithiation and delithiation conditions was ascertained.
6.1 Work Uniqueness
There is scarce published literature addressing the role of heterogeneous Li diffusion, ac-
tual electrode morphology, chemo-elastic anisotropy, phase transformation, grain orientation,
and composition-variant chemo-elastic parameters in the mechanical response of LIB elec-
trodes. This is particularly the case of the layered LixCoO2 material, which among typical
LIB cathode materials, it undergoes more accentuated: i) non-linear volumetric strains, ii)
phase transformations and phase coexistence, and iii) strong elastic and chemical anisotropy.
In this respect, this work is considered novel in the chemo-mechanical field in the three as-
pects discussed in the subsequent sections.
6.1.1 Structure- and Composition-dependent Constitutive Relations
At present, the study of LIB cathode mechanical response has mostly been established
upon isotropic linear chemo-elastic relations. It was found significant, however, that the
anisotropic lattice-parameter strains are highly prominent and peculiar in LixCoO2, for which
the isotropic assumption could be inadequate. Moreover, such anisotropy is particularly im-
portant because LixCoO2 is known to be monocrystalline or few-grained polycrystalline. This
promoted the present work consideration of directional lattice-parameter strains rather than
overall volumetric strains in terms of phase coexistence and transformations encountered by
the cathode material. A single stress-strain relationship that incorporates the strains induced
by both the Li intercalation and phase transformations was developed and implemented in
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the models. Thus, the stress-strain relation in the LixCoO2 material was both structure and
composition sensitive.
6.1.2 Grain Crystallographic Orientation
Because of the strong anisotropic behavior and crystal-type of layered LixCoO2 particles,
it is considered critical to quantify the contribution of the cathode crystallographic orienta-
tion in the Li-composition field and in the evolution of severe local stresses. This was carried
out by implementing the anisotropic chemo-elastic model under a number of selected case
scenarios of plane rotations so that a correlation between the chemical and mechanical field
could be established.
6.1.3 Linear Composition-dependent Chemical-expansion Coefficient
The chemical-expansion coefficient, β,influences the diffusion of Li and stress-strain state
in the electrode particles. Today, however, research work addressing how a linear-composition-
dependent β impact the correlated chemo-mechanical field of LIB electrodes is not found
in the literature. Although for some cathode materials the constant-β assumption could
be appropriate, the LixCoO2 exhibits non-linear volumetric changes upon a variant Li-
composition. In this investigation, a 1-D isotropic linear-elastic mathematical approach
was developed to elucidate the effects of β, on the DIS and correlated SID of LixCoO2 parti-
cles. Although the evaluated compositional range may be not representative of the practical
compositional LixCoO2 material in commercial batteries, an improved understanding of the
nature of emerging coupled SID-DIS is desirable in the development of this LIB cathode
material and potential derivatives.
6.2 Findings
The assumption of isotropic chemo-elastic strain conditions was found to be very un-
representative when predicting deleterious DIS in the particles examined as considerably
greater tensile stresses were shown in the anisotropic model. It was demonstrated that an
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anisotropic particle could encounter the critical strain needed to promote cracking. This
accentuates the need to examine the mechanical integrity of single- or few-grain LixCoO2
crystals using the anisotropic approach. Note that the remainder of this chapter is directed
to the anisotropic-elastic strain and the fully anisotropic chemo-elastic field.
This work demonstrated that the stress developed in the particles was mutually affected
by the degree of concentration- and concentration gradients, discharge rate, particle mor-
phology, and particle size. It was shown that actual particles experienced the Li-intercalation
process differently in sharp, concave, and convex regions, as compared to idealistic particles.
Idealistic- and smooth particle models were limited in capturing segregated concentration
gradients that emanate in the morphology of realistic compounds and were a number of
magnitude higher. These Li-content gradients along with the concentration level governed
the severity of DIS. The latter were typically proportional to the particle size, being greater
in the largest particle examined. Findings demonstrated that the DIS of the cathode com-
pounds increased proportionally with increasing C rate. It was evidenced that the degree
Li-diffusion into the preferential sites of the cathode particle is considerably affected by faster
discharge conditions, and subsequently, a more heterogeneous concentration field evolved.
It was found that a major factor contributing to the stress state in the individual LixCoO2
compounds was the phase transformation that the crystal structure undergoes after half
lithiation. Because an accentuated heterogeneous Li-concentration field formed in actual
morphological features, early phase transformations occur more rapidly under lithiation
in these sites. This promoted dramatic changes in the stress-strain state of the particles
wherein localized peaks of DIS were chemical-misfit-strain induced. It was shown that the
developed approach for the structure and composition sensitive stress-strain relation cap-
tured the phase-transformation-induced stresses. Such stresses were one order of magnitude
higher with respect to the remainder DIS registered throughout lithiation.
It was proven that in actual particles the anisotropic chemo-elastic field generated one
order of magnitude higher concentration gradients with reference to Li-composition fields
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that were isotropic-based. It was also demonstrated that double-bands of Li-composition
and chemical strains, and high phase-transition-induced stresses emerged from the strong
diffusion anisotropy. It was shown that such chemo-elastic band occurrences were irrespective
of morphological features. The bands of severe DIS were found to be closely related to
bands of chemical-misfit strains that were both phase-transformation and crystallographic-
orientation dependent. The most detrimental grain-orientation scenarios were delineated
based on: a) abrupt stress-strain changes (during the phase transition); b) degree of elastic
deformation; and c) accumulated high-stress retained throughout the discharge process.
It was determined that the mutual relation of SID and DIS is highly sensitive to the
chemical-coefficient expansion β. Deleterious stress states were anticipated for the stress-
decoupling models due to more inhomogeneous concentration fields. It was determined that
the influence of the linear βL on the SID becomes more dominant than in the elastic field (in
terms of hydrostatic stresses). It was found that the internal stress gradients significantly en-
hance diffusion during Li intercalation/de-intercalation under the linear-βL formulation with
respect to the stress-decoupling and the constant coefficient, βC cases. It was demarcated
that the stress decoupling in the Fickian-based relation is unrepresentative of the chemo-
stress-strain response of the LixCoO2 electrode. The emanating hydrostatic stresses were
higher under the linear-βL concept. From the mechanical perspective, the integrity of the
cathode material can be compromised during the non-linear volumetric changes that the
LixCoO2 cathode material withstands since DIS were greater in magnitude when the linear-
βL concept was imposed. It was also demonstrated that linearity of the β nature constitutes
a key parameter in delineating the complexion of the chemo-elastic coupled phenomena.
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APPENDIX A - ANALYTICAL STRESS SOLUTION OF AN INHOMOGENEOUS
LI-COMPOSITION DISTRIBUTION IN LIB ELECTRODE MATERIALS
A.1 Airy Stress Function Example (Solute Composition Oriented).
The following example has been adapted from Barber’s Airy stress function thermoelas-
ticity example [59] to orient the study to composition-heterogeneity cases in a solid circular
disk with r < a, as illustrated in Figure A.1.
θ 
n
t i = σij nj
t i = 0
Figure A.1: Circular disk with traction-free edge subjected to inhomogeneous concentration
distribution
The 2D case is of axisymmetric stress in nature and the disk is exposed to a traction-free
edge with an inhomogeneous concentration. Thus, in polar coordinates
C(r, θ) = Cor
2 sin2 θ, (A.1)
where C0 is a constant. From Eq.(1.18), compatibility of stress requires
∇4φ = −Eβ∇2C,
From Eq.(A.1) then,
∇4φ = −2EβC0, (A.2)
















, σrθ = 0, (A.4)
















, σrθ = 0. (A.6)
Note that in this example the solid experiences stress under free expansion conditions since
∇2C 6= 0.
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APPENDIX B - VOIGT AND REUSS AVERAGE FOR HEXAGONAL LixCoO2
ELASTIC MODULI: ISOTROPIC ELASTIC FIELD.





Expanding the implied summations, and changing to the contracted notation gives
30GV = 2 (C11 + C22 + C33) + 6 (C44 + C55 + C66)− 2 (C12 + C13 + C23)
For a hexagonal elastic solid in the principal material coordinates,
C =

C11 C12 C13 0 0 0
C21 C22 C23 0 0 0
C31 C32 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66

For the LixCoO2, based upon Hart and Bates [50] work, this is
C =

596 200 133 0 0 0
200 596 133 0 0 0
133 133 375 0 0 0
0 0 0 124 0 0
0 0 0 0 124 0
0 0 0 0 0 198
 [GPa]





Expanding this expression and changing to contracted notation gives
15λV = C11 + C22 + C33 + 4 (C12 + C13 + C23)− 2 (C44 + C55 + C66)
The numerical values for the LixCoO2 hexagonal elastic constants give λV = 169.30 GPa.





The Voigt average for ν is then νV = 0.2550. Note that EV can be computed from EV =







Expanding the implied summations, and changing to the contracted notation gives
15
GR
= 4 (S11 + S22 + S33 − S12 − S13 − S23) + 12 (S44 + S55 + S66)
Inverting the stiffness matrix given above for the LixCoO2 hexagonal material this yields
S =

19.75 −5.50 −5.05 0 0 0
−5.50 19.75 −5.05 0 0 0
−5.05 −5.05 30.25 0 0 0
0 0 0 8.06 0 0
0 0 0 0 8.06 0
0 0 0 0 0 5.05
× 10
−3[GPa−1]
The numerical values for the LixCoO2 hexagonal elastic constants give GR = 153.57 GPa.







Expanding the implied summations, and changing to the contracted notation gives
15
ER
= 3 (S11 + S22 + S33) + 4 (S44 + S55 + S66) + 2 (S12 + S13 + S23)
The numerical values for the LixCoO2 hexagonal elastic constants give ER = 370.05 GPa.
Note that νR can be computed from νR = ER/(2GR) − 1 = 0.2048. Results for the Voigt
and Reuss average values are provided in Table B.1. Note that the Voigt averages are more
appropriate to use in problems of uniform strain, and the Reuss averages more appropriate
for problems with uniform stress. Finally, the Voigt averages provide an upper bound on the
average elastic constants, and the Reuss averages provide a lower bound.
Table B.1: Voigt and Reuss average elastic constants
Average Method Shear Modulus, G Young’s Modulus, E Poisson Ratio, ν
GPa GPa -
Voigt Average 162.60 408.10 0.2550
Reuss Average 153.57 370.05 0.2048
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APPENDIX C - LOCALIZED COMPOSITION IN VARIOUS RECONSTRUCTED
LixCoO2 PARTICLES: ANISOTROPIC ELASTIC FIELD.
a) Site 1 
b) Site 2 
c) Site 3 









































































































































Figure C.1: Localized DIS versus intercalation time at various sites on the surface of a) P1
and b) P2 when discharged at 1C and 5C.
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APPENDIX D - CHEMO-ELASTIC RESPONSE OF RECONSTRUCTEDLixCoO2
CATHODE PARTICLE, P2: ANISOTROPIC FIELD AND CRYSTALLOGRAPHIC
ORIENTATION.















Figure D.1: Internal Li-composition field midway of the 1C discharge (t = 1850 s) in a
fully anisotropic chemo-elastic field (unless otherwise indicated): a) aac − 0-Iso, isotropic
chemical field/anisotropic elastic field; b) aac−0; c) aca−90; and d) caa−90. Note that all
particles are scaled as indicated; the particle size dissimilarity corresponds to the different
elastic deformation experienced in each case as the composition field contour provided here
















Figure D.2: Hydrostatic stres distribution in varying-directional LixCoO2 grain models dur-
ing the phase transformation under 1C discharge (t = 2065 s). Bands of extreme stresses
investigated. Note that when the active LixCoO2 grain is rotated 60
◦ with reference to the
global y axis (caa− 60 model) large compressive-DIS develop.
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APPENDIX E - DERIVATION OF THE β CONCEPT IN LixCoO2 CATHODE
MATERIAL
The coefficient of chemical expansion, β (or equivalently the partial molar volume, Ω);
is directly related to the volumetric strain, εv, and the difference in concentration, ∆C, in









and the resulting dimensionless β relation is
β̂(Ĉ) = ξ̂∆Ĉ + η̂. (E.1)
with the dimensionless parameters that are for a modified non-dimensionless Ω in [46]














This is illustrated in Figure E.1a. Note that for electrode materials lithiated (or delithiated)
in the 0 ≤ x ≤ 1 range wherein β is constant, the term ∆C is omitted in dimensionless
formulations, which is equivalently to ∆x. This is typically the case of LixMn2O4 cathodes.
For the LixCoO2 cathode material examined the values are Cmax = 25.75 kmol m
−1,
E = 370.05 GPa, γ ≈ 150, T = 300K and R is the gas constant taken as 8.314 J mol−1K−1.
∆x corresponds to the dimensionless compositional range for which the volumetric strain is
representative in the study. In this work, the lithiation/delithiation process was targeted in















= ηC + ρ
a) b)
Figure E.1: Volumetric strain based on solute composition: a) quadratic and b) linear
relation.
E.1 The Linear β Case
As previously shown in Figure E.1a, for cases wherein β is a linear (i.e., under the










= ξ∆C + η (E.4)
then
ξ∆C2 + η∆C = 3β∆C
where εxx = εyy = εzz = β∆C. Thus
f(C) = ξ∆C2 + η (E.5)
or
f(C) = β(C)∆C (E.6)
and β = Ω/3. From Reimers and Dahn experimental data [5] this is expressed dimensionless
for the hexagonal 2-to-monoclinic M1 region (0.37 ≤ x ≤ 0.55) in LixCoO2 (see Figure 2.5)
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using Eqs.(E.2) and (E.3) as
β̂ = 0.5417∆C + 2.2072 (E.7)
E.2 The Constant β Case
Typically β is taken as a constant in the stress-strain-state studies found in the literature.
Following Figure E.1b, it is shown εv is linear and, therefore, the corresponding coefficient











which can be expressed as
η∆C = 3β∆C
or
f(C) = β∆C (E.9)
When the M1 volumetric-strain region given in Figure 2.5 is fitted under the linear-case
assumptions, this yields
β̂ = 1.2101∆C (E.10)
which results in a misrepresentation of the volumetric change experienced by the LixCoO2
cathode material during the monoclinic region (0.37 ≤ x ≤ 0.55).
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APPENDIX F - ALTERNATIVE METHOD FOR CALCULATION OF THE
HYDROSTATIC STRESS








where A and B are constants.53 For solutions bounded at the center of the sphere at r = 0,
























Here, it is shown that the second integral vanishes,assuming that the surface of the particle
at r = rs is traction free, σrr(rs) = 0. Then, using Eq.(F.1), it is found that σh is given by
Eq.(4.20), as presented before. To demonstrate that the integral of the hydrostatic stress


























Finally, integrate and use the traction-free boundary condition at r = rs. It results significant
noting that ∫
particle
σh dV = 0, (F.2)
even when the stress components are not all zero.
53The general spherically symmetric solution of Laplace’s equation, ∇2Φ = 0, is Φ(r) = A+B/r.
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